Mathematica 11.3 Integration Test Results

on the problems in the test-suite directory "8 Special functions"

Test results for the 97 problems in "8.10 Formal derivatives.m"

Problem 30: Result more than twice size of optimal antiderivative.

Jg[x] fix] + fx] g'[x]
1-f[x]*g[x]?

dx
Optimal (type 9, 6leaves, 2 steps):
ArcTanh[f[x] g[x]]

Result (type 9, 26 leaves):

1 1
—ELOg[l—'F[X] gix]]+ ;L08[1+'F[X] gx]]

Problem 31: Result more than twice size of optimal antiderivative.
J—g[XJ £ [x] +fx] g'[X]
fIx]2 - g[x]

dx

Optimal (type 9, 8leaves, 2 steps):
fIx] ]

ArcTanh|
g[Xx]

Result (type 9, 23 leaves):

1 1
—;Log[f[x] -g[x]] +;Log[f[x] +g[x]]
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Problem 32: Result more than twice size of optimal antiderivative.

JF[X] mgx] Tt (mg[x] £ [x] +nf[x] g [x]) ix

1-f(x]2"g[x]2"

Optimal (type 9, 10leaves, 2 steps):
ArcTanh|f[x]"g[x]"|

Result (type 9, 34 leaves):

1 1
—;Log[l—f[x}"‘g[x}”] +;Log[1+f[x]mg[x]”]

Problem 33: Result more than twice size of optimal antiderivative.

Jf[x] Mg [x] Tt (—mg[x] £ [x] +nfx] g [x]) x

fx]2" - g[x]2"

Optimal (type 9, 12leaves, 3 steps):
ArcTanh|f[x] "g[x]"]

Result (type 9, 31leaves):

1 1
—;Log[f[x]m—g[xw] +;Log[ﬂx]"‘+g[x1"}

Problem 34: Result more than twice size of optimal antiderivative.

Jf[x] g x] M (-mg(x] F[x] -nfx] g [x]) ix

£x]2m - g[x] 2"

Optimal (type 9, 14 leaves, 3 steps):
ArcTanh [-F [x] "g[x] ‘”]

Result (type 9, 34 leaves):

1 m n 1 m n
—gLog[l—-F[x} gx] ]+;Log[1+1‘[x] g[x] ]



Problem 43: Result more than twice size of optimal antiderivative.

J(Cos[x] gle*] Fsin[x]] +e*f[Sin[x]] g'[e]) dx

Optimal (type 9, 8leaves, ? steps):
fisin(x]] g[e]
Result (type 9, 28 leaves):

J(Cos[x] gleX] £ [Sin[x]] +e* f[Sin[x]] g'[e*]) dx

Test results for the 311 problems in "8.1 Error functions.m"

Problem 26: Unable to integrate problem.
Erf[bx]?
Ji dx
X3
Optimal (type 4, 67 leaves, 5 steps):
-b% x?
_Zbe Erf[bx] b2 Erfbx]>

\rox 2x2 7
Result (type 8, 12leaves):
Erf[bx]?
J SEREL ax

X3

Erf[bx]2 2b?ExpIntegralEi [—2 b2 xz]
- +

Problem 27: Unable to integrate problem.
Erf[bx]? dx
J x°
Optimal (type 4, 125leaves, 8 steps):

o h2 2 T h2 g2 B2 42 4 s 2 2
b2e?? ¥ pe X Erflbx] +2b3e“ Erf[bx] +3b4ErﬂbX127 Erf(bx]? 4b ExpIntegralEi[-2 b2 x?|

37TX2 3/ T X3 3T X 3 4X4 37T

Result (type 8, 12leaves):
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Erf[bx]?
Ji dx

XS

Problem 28: Unable to integrate problem.

Erf[bx]?
Ji dx
X7

Optimal (type 4, 177 leaves, 12 steps):
b2 e2Y"¥  2pte2Y"¥  2pe X Eprflbx] 4b3e X Erf[bx]

— + + —

15 7rxt 97 x? 15/ X8 451 X3

8b5 e X Erfb x 4 Erf[bx]2 28b®ExpIntegralEi|-2 b2 x?
e BX) 4 oreipygz EPFIDXI? pIntegralfi | ]
45/ x 45 6 x° a5

Result (type 8, 12leaves):
Erf[bx]?
J SRE ax

x7

Problem 72: Unable to integrate problem.
Jec*bzxz Erf(bx] dx

Optimal (type 5, 29leaves, 1step):
b e¢ x? HypergeometricPFQ| {1, 1}, {3, 2}, b2x?]

Vo
Result (type 8, 18leaves):

Jec*bz “ Erflbx] dx

Problem 98: Unable to integrate problem.

JCos[c +1b?x?] Erfbx] dx

Optimal (type 5, 62 leaves, 4 steps):

el <71 Erfbx]2 b e * ¢ x? HypergeometricPFQ|[ {1, 1}, {%, 2}, b2 x2]

+

8b 2+




Result (type 8, 20leaves):

JCos[c +ib2x?| Erf[bx] dx

Problem 99: Unable to integrate problem.

JCos[c -ib2x?| Erf[bx] dx

Optimal (type 5, 62 leaves, 4 steps):
ei<~/7 Erf[bx]2 b e* ¢ x? HypergeometricPFQ[ {1, 1}, {%, 2}, b2 x?]
+

8b 2/
Result (type 8, 20leaves):

JCos[c -ib?x?| Erf[bx] dx

Problem 129: Unable to integrate problem.

dx

JEr‘fc[b x]?

x3

Optimal (type 4, 67 leaves, 5steps):

2be X Erfcb
= ricibx] - b?2Erfc[bx]?-

VX 27 ™

Result (type 8, 12leaves):
Erfc[bx]?
J =X ax

Erfc(bx]2 2b?ExpIntegralki[-2b?x?]
+

x3

Problem 130: Unable to integrate problem.

dx
5

JEr‘fc[b x]?
X
Optimal (type 4, 125leaves, 8 steps):

b2 e2Y"¥  pe X Eprfc[bx] 2b3e X Erfc[bx]

4 b* ExpIntegralki[-2 b? x?|

1 Erfc[bx]?
- + + —b*Erfc[bx]?- [ox]

37TX2 3T X3 34T X 3 4X4

37
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Result (type 8, 12leaves):
Erfc[b x]?
J SRR ax

x>

Problem 131: Unable to integrate problem.

dx

JEr‘-Fc [bx]?

x7

Optimal (type 4, 177 leaves, 12 steps):
b2 e 20X 2phe20'X  2pe ¥ Epfcibx] 4b3e?* Erfclbx]
- + + - +
15 x4 9 7t x? 15 /71 x5 457 X3
8 b5 e X Erfclb x 4 Erfc[bx]2 28b®ExpIntegralEi|-2b?x?
= [ ]—fb6Er‘-Fc[bx}2— [ox1” | P g [ ]

a5/ x 45 6 x8 45 1t

Result (type 8, 12leaves):
JEr‘fc [bx]?

7

dx
X

Problem 138: Unable to integrate problem.

J(c+dx)2Er‘-Fc[a+bx]2dlx

Optimal (type 4, 375leaves, 16 steps):

bc-ad)? |2 Erf b
d(bc-ad) e?@Px® d2e2@bx" (3,px) (be-ad) . [V2 (a+bx)] S5d2Erf[V/2 (a+bx)] 2d2e (X Erfcla+bx]

+ — — —

b3 3b3 b3 6b3/2 71 3p3/7
2 (bc—ad)ze’<a*bx>zEr"Fc[a+bX} 2d (bc-ad) e (abx? (a+bx) Erfc[a+bx] 2d? e (a+bx)? (a+bx)2Er‘fc[a+bx]
b3/ 7 b3/ 7 3034/ 7
d(bc-ad)Erfcfa+bx]? (bc—ad)z(aerx) Erfcla+bx]? d(bc-ad) (a+bx>2Er‘-Fc[a+bx}2 d? (a+bx)3Er‘-Fc[a+bx}2
2b3 : b3 : b3 : 3b3

Result (type 8, 18leaves):

j(c+dx)2Er‘-Fc[a+bx]2dlx
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Problem 175: Unable to integrate problem.
Jec*bz “ Epfc[bx] dx
Optimal (type 5, 50leaves, 3 steps):
e /7T Erfilbx] D€ x2 HypergeometricPFQ| {1, 1}, {%, 2}, b2x?|
2b ‘ NES
Result (type 8, 18leaves):

Je“bz “ Epfc[b x] dx

Problem 201: Unable to integrate problem.

JCos[c +1ib2x?| Erfc[bx] dx

Optimal (type 5, 85leaves, 6 steps):
eic~/7 Erfc(bx]? ei</7 Erfilbx] P e !¢ x2 HypergeometricPFQ| {1, 1}, {%, 2}, b2x?|

— + —

8b 4b 27
Result (type 8, 20leaves):

JCos[c +1ib2x?| Erfc[bx] dx

Problem 202: Unable to integrate problem.

JCOS[C - i b2x?| Erfc[bx] dx

Optimal (type 5, 85leaves, 6 steps):
eic~/n Erfc[bx]? ei~/n Erfi[bx] b ef ¢ x? HypergeometricPFQ[ {1, 1}, {%, 2}, b2 x?|

— + —

8b 4b 2 \/7
Result (type 8, 20leaves):

JCos[c -1 b?x?| Erfc[bx] dx
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Problem 228: Unable to integrate problem.

st Erfi[bx]2dx

Optimal (type 4, 175leaves, 12 steps):
112X 720X x2 @20 x4 5 xEpfilbx] S5e”¥x}Erfilbx] e x®Erfilbx] SErfilbx]2 1 . _ 5
_ + - + - + + —X°Erfi[bx]

12 b® 12 b* xt 6 b2 4b5-/ 6 b3~/ 3b/r 16 b® 6

Result (type 8, 12leaves):
st Erfi[bx]?dx

Problem 229: Unable to integrate problem.

JXS Erfi[bx]2dx

Optimal (type 4, 124 leaves, 8steps):

2 2 2 y,2 2 2 . 2 42 . .
e X 2P X x? 3e” ¥ xErfilbx] e” ¥ x?Erfilbx] 3Erfi[bx]? 1 , . ,
+ + - - +— X" Erfi[bx]

C2bts 4bia 463/ 20/ 16 b* 4

Result (type 8, 12leaves):
Jx3 Erfi[bx]?%dx

Problem 230: Unable to integrate problem.

jx Erfi[bx]2dx

Optimal (type 4, 71 leaves, 5steps):

e?bix 7<ebx x Erfi[b x] JrEr'-Fi[bx]Z+1X2Emc1[bx]2
2b2 b/ 4p? 2
Result (type 8, 10leaves):

Jx Erfi[bx]?dx



Problem 232: Unable to integrate problem.

dx

JEr‘-Fi[bx]2

X3

Optimal (type 4, 65leaves, 5steps):

2be” ¥ Erfilbx] ., 5
- +b“Erfi[bx]“ - +

Erfi[bx]2 2b?ExpIntegralki|2b?x?]

\/;X 2 x2 7T

Result (type 8, 12leaves):
Erfi[b x]?
J SEX ax

x3

Problem 233: Unable to integrate problem.

dx

JEr‘fi[b x]?

x>

Optimal (type 4, 123 leaves, 8 steps):

b2 20X peb’X Epfi[bx] 2b3e?” X Erfi[bx]
e 3/ X3 i 3/ x 3
Result (type 8, 12leaves):
JEr‘-Fi[b x]? ax

x>

Problem 234: Unable to integrate problem.

dx

JEr‘fi[b x]?2

x’

Optimal (type 4, 174 leaves, 12 steps):

b2 2P ¥ 2p*e2? X 2be” X Erfilbx] 4b3e®”* Erfilbx]

15 7rxt 97 x? 15/ x5 45/ X3

1
+ = b*Erfi[bx]?-

Erfi[bx]?

4 b* ExpIntegralEi [2 b? xz}

4 x4

+

Erfi[bx]2 28b°ExpIntegralEi|2b?x?]
+

8bS e Erfilbx] 4 .
+ —Db°Erfi[bx]° -
a5/t x 45 6 x°

Result (type 8, 12leaves):

45 7t

37

8 Special functions.nb | 9



10 | 8 Special functions.nb

dx

JEr‘-Fi[bx]2

X7

Problem 241: Unable to integrate problem.

J(c+dx)2Er‘fi[a+bx]2dlx

Optimal (type 4, 366 leaves, 16 steps):

d(bc-ad)e? (@bx)? g2 g2 (arbx)? (a+bx) 2d2e@bXErfifa+bx]

+ + -
b3 3b3 33/
2 (bc—ad)2e<a*bx>2Er'-Fi[a+bx] 2d (bc-ad) e(arbx)? (a+bx) Erfi[a+bx] 2d? e(abx)? (a+bx)2Er‘-Fi[a+bx]
b* 7 b/ 7 32/ )
d(bc-ad)Erfija+bx]? (bc-ad)?(a+bx)Erfifa+bx]? d(bc-ad) (a+bx)?Erfifa+bx]?
2b3 ' b3 ' b3 '
d? (a+bx)’Erfifa+bx)? (bc_ady\/gwﬁ[ﬁ(awx” 5d2Erfi[V/2 (a+bx) ]
3b3 ' b3 . 6b° 2

Result (type 8, 18 leaves):

J(c+dx)2Er‘fi[a+bx]2dlx

Problem 242: Result unnecessarily involves imaginary or complex numbers.

c+dx) Erfi[a+bx]%2dx
J( ) Erfifa+bx]

Optimal (type 4, 184 leaves, 10 steps):

de2(@bx® 2 (bc-ad) e@b0 Epfila+bx] de(@bX)? (a+bx) Erfifa+bx] dErfifa+bx]2
- - + +

2b2 bZ\/? bz\/; 4 b2

2 .
(bc-ad) (a+bx) Erfifa+bx]? d <a+bx)2Er‘-Fi[a+bx]2 (be-ad) \| Er‘f1[x/7(a+bx”

+ +

b? 2 b? b2

Result (type 4, 189 leaves):
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, ((4abc+d—2a2d>7rEr'-Fc[—j1 (a+bx)] Erfc[j (a+bx” n
4 b% T

2 (de“a*bX)z+4abCJT+d7T—2a2d7T+2]'1bCN/27T ~2iad2r —2e@P0% [ (2bc—ad+bdx) Erfila+bx] +
b2rx (2c+dx) Erfifa+bx]?+2 (bc-ad)V2r Erfi[+/2 <a+bx)]))

Problem 280: Unable to integrate problem.

e ¥ Erfi[bx]
J dx

x2

Optimal (type 5, 60leaves, 3 steps):

e X Erfi[bx] 2 b® x? HypergeometricPFQ[ {1, 1}, {%, 2}, -b2x2] 5 Log[X]
< v E

Result (type 9, 26 leaves):

—%bMeijerG[{{e}, {1}}, {{(e, @3}, {—i}}, b x?|

Problem 281: Unable to integrate problem.

X

Jebzxz Erfi[bx]

x4

Optimal (type 5, 105leaves, 5steps):

b e Erfilbx] 2b2e X Erfifbx] 4b°X*HypergeometricPFQ[ (1, 1}, {7, 2}, -b?X*] 43 Log(x]
N 353 i 3% i 3 3
Result (type 9, 29 leaves):
7bMeijer'G[{{0}, (21}, {{e, 1}, {f}}, b? x?|

2 x2

Problem 282: Unable to integrate problem.

e X Erfi[bx]
J dx

x®

Optimal (type 5, 144 leaves, 7 steps):
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b X 2 b3 e X Erfi[bx] . 2b2 e X Erfi[bx]
107 x* 15/ X2 5x° 15 x3
4b% e b ¥ Erfi [b x] 8 b7 x? HypergeometricPFQ[ {1, 1}, {i, 2}, -b2x?]  gps Log[X]
15x 15/ ' 15/

Result (type 9, 29leaves):
bMeijerG[( (e}, (3}}, {{0, 2}, {-7}}, b>x]

2 x4

Problem 304: Unable to integrate problem.

JEr'-Fi[b x] Sin|c+ i b?x?] dx

Optimal (type 5, 67 leaves, 4 steps):
ieic/n Erfibx]2 1 betc x? Hyper‘geometr‘icPFQ[{l, 1}, {3, 2}, -b? xz]

8b 2/
Result (type 8, 20 leaves):

JEr‘-Fi[b x] Sin[c+ i b?x?] dx

Problem 305: Unable to integrate problem.

JEP-Fi[b x] Sin[c- i b?x?] dx

Optimal (type 5, 67 leaves, 4 steps):
ieic/x Erfi[bx]2 1D e i ¢ x2 HypergeometricPFQ[ {1, 1}, {i, 2}, -b?x?]

- +

8b 2/
Result (type 8, 20leaves):

jEr‘-Fi[b x] Sin[c- i b?x?] dx
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Problem 306: Unable to integrate problem.

JCOS[C +1i b2 x?| Erfi[bx] dx

Optimal (type 5, 63 leaves, 4 steps):

ei<~/7 Erfi[bx]2 ) b e* ¢ x? HypergeometricPFQ[ {1, 1}, {%, 2}, -b2x?]
8b 2~/

Result (type 8, 20 leaves):

JCos[c +1 b2 x?| Erfi[bx] dx

Problem 307: Unable to integrate problem.

JCos[c -1 b*x?] Erfi[bx] dx

Optimal (type 5, 63 leaves, 4 steps):
ei <~/ Erfi[bx]2 b e i€ x? HypergeometricPFQ| {1, 1}, {i, 2}, -b2x?]

+

8b 2/
Result (type 8, 20 leaves):

JCos[c -1 b?x?] Erfi[bx] dx

Test results for the 218 problems in "8.2 Fresnel integral functions.m"

Problem 9: Unable to integrate problem.

FresnelS[b x]
J— dx

X

Optimal (type 5, 73 leaves, 3 steps):

1

1 . 1 3 3
— i b xHypergeometricPFQ[{ =, =}, {=, =
2 2 2 2

2

}s —%ibznxz] —%ibeyper‘geometr‘icPFQHl, %}, {i, i}, %J’lbzﬂxz}

N
N
N

Result (type 8, 10leaves):
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FresnelS[b x]
J— dx

X
Problem 22: Result more than twice size of optimal antiderivative.
JFr‘esnelS [a+bx] dx

Optimal (type 4, 36 leaves, 1step):

Cos[in(a+bx)z] (a+bx) FresnelS[a+bx]
+

b b

Result (type 4, 89 leaves):

COS[aZTﬂ]COS[ab”XJr%bzﬂXZ} afresnelSfa+bx] 1S(a+ bx] Sin[azTn]Sin[abﬂx+ibzﬂxz]
+ +x FresnelS[a+bx] -

b b b st

Problem 28: Result more than twice size of optimal antiderivative.

JFr‘esnelS [a+bx] dx

Optimal (type 4, 36 leaves, 1 step):

Cos[in(a+bx)2] (a+bx) FresnelS[a +bx]
N

b b

Result (type 4, 89leaves):

COS[aZTﬂ] Cos[abrx+ b2mx]  ;Epesnelsa+bx] . 15[+ bx] Sin{%]sm[abﬁ“%bzﬂxz]
. +x FresnelS[a+bx] -
br b br

Problem 31: Unable to integrate problem.

Jx7 FresnelS[bx]2 dx

Optimal (type 4, 253 leaves, 23 steps):
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105 x2 7 x6 55 x2 Cos [b2 1 x2|  x® Cos [b? it x?]
_ + _ + _
16 b8 % 48 b2 2 16 b8 16 b? 2
35 x3 Cos[ibznxz} FresnelS[bx] x’ COS[inHXZ] FresnelS[bx] 1g5 FresnelS[bx]2 1
+ - + = x® FresnelS[bx]? +
4b5 3 4br 8 b8 7t 8

105 x FresnelS [b x] Sin[%bznxz] 7 x5 FresnelS [b x| Sin{ibzﬂxz] 10Sin[b2 1 x?]  5x*sin[b? xx?]
_ N _
4 b7 14 4 b3 12 b8 ° 8 b* 3

Result (type 8, 12leaves):

jx7 FresnelS[bx]? dx

Problem 33: Unable to integrate problem.

JXS FresnelS[bx]2?dx

Optimal (type 5, 265 leaves, 16 steps):

5 x4 11 Cos[b2 rx?]  x* Cos[b? r x?] 5xCos[i b? 7 x2| FresnelS[bx] x° Cos[i b2 7 x2| FresnelS (b x]
- + - + +
24 b? 2 6 b® 4 12 b2 2 b® 3 3br
5 FresnelC[bx] FresnelS[bx] 1 5 i x? HypergeometricPFQ[ {1, 1}, {f, 2}, —ii b2 7 x|
+ = x® FresnelS[bx]?- +
2 b8 3 6 8 b* i3

5 i x? HypergeometricPFQ[ {1, 1}, {3, 2}, i]'lbzﬁxz} 5 x3 FresnelS [b x] Sin[ibznxz] 7x2sin[b? 1 x|

8 b4 3 3 b3 2 12 b 3
Result (type 8, 12leaves):

JXS FresnelS[bx]?dx

Problem 35: Unable to integrate problem.

Jx3 FresnelS[b x]2 dx

Optimal (type 4, 140leaves, 10 steps):
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3x2 X2 Cos [b? rx?] x* Cos[ 3 b? 1 x*| FresnelS[bx]
+ + +

8 b2 72 8 b2 52 2br

3 x FresnelS[b x] Sin[i b27rx2] Sin[bzﬂxz]

3FresnelS[bx]* 1 , 5
+ — X" FresnelS[bx]“ -
4 b* 2 4 2 b3 2 2 b4 3

Result (type 8, 12leaves):

Jx3 FresnelS[bx]2 dx

Problem 37: Unable to integrate problem.

Jx FresnelS[bx]? dx

Optimal (type 5, 143 leaves, 5steps):

1
Cos [b2 71 x?] xCos[;bznxz} FresnelS[bX]  presnelC[bx] FresnelS[bx] 1 5 5
+ - + — X“ FresnelS[bx]“ +
4 b? 2 b 2b% 2

i x2 HypergeometricPFQ| {1, 1}, {3, 2}, —i]l b2 x2| i x?HypergeometricPFQ[ {1, 1}, {3, 2}, i]'l b2 7 x2 |

87 87
Result (type 8, 10leaves):

Jx FresnelS[b x]? dx

Problem 43: Unable to integrate problem.

FresnelS[b x]?
j— dx

XS
Optimal (type 4, 127 leaves, 9 steps):
b2 b?Cos|b?x?] bBFCOS[ibzﬂXZ} FresnelS[b x]

+ — —

24 x? 24 x? 6 X

Fresnels[bx]2 bFresnelS[bx] Sin [i b2 7 x?]

1
— b* 72 FresnelS[b x]2 - + — b* 7 SinIntegral [b? i x?|
12 4 x4 6 x3 12

Result (type 8, 12leaves):

dx

JFr'esnelS[b x]?2
5

X
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Problem 47: Unable to integrate problem.

FresnelS[b x]2
J— dx

x°

Optimal (type 4, 242 leaves, 20 steps):

v ) b6 2 ) b? Cos [b2 7 x2] ) bS 2 Cos [b? 71 X2 | 7 b37rCos[ib27TX2] FresnelS[b x] )
336 x® 1680 x2 336 x° 336 x2 140 x°
b7 3 Cos [i b? 7 x2| FresnelS[b x] Fresnels[bx]2 bFresnelS[bx] Sin [i b2 7t x2|
+ b8 7* FresnelS[bx]? - - +
420 x 840 8 x8 28 x’
b® 7> FresnelS[bx] Sin[ 2 b% 1 x?] b rsin[b2nx?] 1

- - —— b8 7 SinIntegral [b? i x?|
420 x3 420 x* 280

Result (type 8, 12leaves):

FresnelS[b x]2
J— dx

x°

Problem 49: Unable to integrate problem.

J(c +dx)2 FresnelS[a+bx]2%dx

Optimal (type 5, 497 leaves, 18 steps):
2d? x d(bc—ad)Cos[n(a+bx)2} d? (a+bx)Cos[n(a+bx)2] 5d2Fr‘esnelC[\/?(a+be
+ + -

+

3 b2 2 2 b3 n? 6 b3 2 62 b3 2
2 (bc-ad)®Cos[2 (a+bx)?] FresnelS{a+bx] 2d(bc-ad) (a+bx) Cos[Z (a+bx)’]FresnelS[a+bx]
+ +
b3 b3 7
2d? (a+bx)2Cos[i7r (a+bx)z} FresnelS[a+bx] d (bc-ad) FresnelC[a+bx] FresnelS([a +b x]
- +
3b3 b3 7
(bc—ad)2<a+bx) FresnelS[a+bx]? d (bc-ad) (a+bx>2Fr‘esne15[a+bx]2 d? (a+bx)3Fr‘esne1$[a+bx]2
+ + -
b3 b3 3b3
(bc-ad)?Fresnels[v2 (a+bx)] ) id(bc-ad) (a+bx)*HypergeometricPFQ[ {1, 1}, {2,2}, Jinr (a+bx)?] 7
V2 b 4b3rn

id(bc-ad) (a+bx)?HypergeometricPFQ|[{1, 1}, {3, 2}, %]'].JT (a+bx)?] 4d?FresnelS[a+bx] Sin[iﬂ (a+bx)?]

4b3 1t 3b3 72
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Result (type 8, 18leaves):

J(c +dx)2 FresnelS[a+bx]2dx

Problem 50: Unable to integrate problem.

J(c +dx) FresnelS[a+bx]*dx

Optimal (type 5, 279 leaves, 10 steps):

dCos[n (a+bx)?] 2 (bc-ad) COS[%]T (a+bx)?] FresnelS(a +bx]
N

+
4 b? 2 b2

1 2
d(a+bx)Cos[>r(a+bx)?| FresnelS[a+bx] grresnelC[a+bx] FresnelS a + b x]

+

b2 2b2 0
(bc-ad) (a+bx) FresnelS[a+bx]2 d (a+bx)?FresnelS[a+bx]? (bc-ad) FresnelS[+/2 (a+bx)]
+ +
b2 2 b2 \/?szT
id (a+bx)*HypergeometricPFQ[ {1, 1}, {f, 2}, _iiﬂ (a+bx)?] _ id (a+bx)*HypergeometricPFQ[ {1, 1}, {i, 2}, %in (a+bx)?]
8 b2 8b%

Result (type 8, 16 leaves):

J(c +dx) FresnelS[a+bx]?dx

Problem 57: Result more than twice size of optimal antiderivative.

FresnelS|[d (a+blog[cx"]) |
J dx
X
Optimal (type 4, 65leaves, 3 steps):
Cos[idzn (a+bloglcx"])?] FresnelS|d (a+blog[cx"])]| (a+bLog[cx"])
+
bdn bn

Result (type 4, 164 leaves):

Cos[ a?d’ | Cos[abd’ mlog[cx"] +; b>d® Llog[cx"]?]  aFresnels|d (a+bLoglcx"])]
+ +

bdnr bn

Fresnels|d (a+blog[cx"] )] Log[cx] Sin[%a2 d? 7] Sin[abd? 7 Log[c x"] +§b2 d? 7t Log [c x"]?]

n bdni
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Problem 61: Unable to integrate problem.

c+lib?x?
e 2 FresnelS[b x] dx

Optimal (type 5, 64 leaves, 4 steps):

eCErfif i+ 1 b\/f(x2
_ [(2 ;) ] Liberx HypergeometricPFQ[ {1, 1}, {i, 2}, : i b? 71 x?]
8 4 2 2

Result (type 8, 24 leaves):

c+lib?x?
e 2 FresnelS[b x] dx

Problem 62: Unable to integrate problem.

c-1ib2nx?
e 2 FresnelS[b x] dx

Optimal (type 5, 64 leaves, 4 steps):
ecEr"F[(§+i—)b\/7x]2 1

3 1
- = i be® x? HypergeometricPFQ|[ {1, 1}, { =, 2}, - = i b? 1 x?]
8b 4 2 2

Result (type 8, 24 leaves):

c-tib2nx?
e 2 FresnelS[b x] dx

Problem 63: Unable to integrate problem.

A 1
JFr‘esnelS [bx] Sin[c+ = b%nx?| dx
2

Optimal (type 5, 101 leaves, 4 steps):
Cos[c] FresnelS[bx]? FresnelC[bx] FresnelS[bx] Sin[c]

+ —

2b 2b

1, ) 3 1, 1, ) 3 1,
— i b x? HypergeometricPFQ| {1, 1}, { =, 2}, - — i b2 x?| Sin[c] + = i b x* HypergeometricPFQ| {1, 1}, { =, 2}, = i b%>nx?| Sin[c]
8 2 2 8 2 2

Result (type 8, 21 leaves):

) 1
JFr‘esnelS [bx] Sin[c+ = b?nx?| dx
2
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Problem 64: Unable to integrate problem.

1
JCos[c + = b2 x?] FresnelS[bx] dx
2

Optimal (type 5, 101 leaves, 4 steps):
Cos|[c] FresnelC[b x] FresnelS[bx] 1

. 2 s 3 1 f w2 2
- — i bx?Cos[c] HypergeometricPFQ[{1, 1}, { =, 2}, -~ ib>nx*| +
2b 8 2 2

i, . 3 1. ., ,, Fresnels(bx]?Sin|[c]
—1ibx?Cos[c] Hyper‘geometr‘lcPFQ[{l, 1}, {*, 2}, ~ib%nx } -
8 2 2 2b

Result (type 8, 21 leaves):
JCos [c+ 1 b% 7 x?| FresnelS[b x] dx
2

Problem 71: Unable to integrate problem.

1
JXS FresnelS[bx] Sin|[ = b?x?| dx
2

Optimal (type 4, 232 leaves, 22 steps):

105 x2 ) 7 %6 ) 55 x2 Cos [b? 1 X ) x5 Cos [b2 1 x2] ) 35x3 COS[%bzﬂXZ] FresnelS[b x] i x7 COS[inHXZ] FresnelS[b x] )
4b7 7% 120372 4p7 n* 4 b3 b6 73 b2 n
105 FresnelS [bx]2 105X FresnelS[bx] Sin[%bznxz] 7 x5 FresnelS [b x| Sin{%bznxz] 405in[b? 7x2|  5x4sin[b? %2
- + - +
2 b% 4 b8 54 b* 2 b® ° 2 b3

Result (type 8, 22leaves):

1
st FresnelS[bx] Sin[ = b?x?| dx
2

Problem 73: Unable to integrate problem.

1
Jx6 FresnelS[bx] Sin|[ = b? x| dx
2

Optimal (type 5, 248 leaves, 15 steps):
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5x4  11Cos[b2nx?] x*Cos|[b? x| 15xCos{§b2ﬂx2} FresnelS[b x| x5Cos[ib2nx2] FresnelS[b x|

_8b37r2+ 2b7 7t . 4 b3 2 : b6 3 ) b2 7 ;
15 FresnelC[b x] FresnelS(bx] 151 X*HypergeometricPFQ[ (1, 1}, {i’ 2}, *i i b? 7 x?]
2b7 3 i 8 b 3 N
15 i x2 HypergeometricPFQ|[ {1, 1}, {i, 2}, %jbznxz] 5 x3 FresnelS[b x] Sin[ibznxz} 7 x2sin[b? 7 x2]
8 b® 3 : b* 2 : 4 b° 3

Result (type 8, 22leaves):
JXG FresnelS[bx] Sin| 1 b% 7 x?| dx
2

Problem 75: Unable to integrate problem.

1
Jx“ FresnelS[bx] Sin[ = b?x?| dx
2

Optimal (type 4, 120leaves, 9steps):

3x2 X2 Cos[b?x?] x3Cos[%b2nx2] FresnelS[bx] 3 fresnels (b x]2 3XFr‘esne1$[bx]Sin[%bznxz] Sin[b? 7 x?]

- - - - + +
4 b3 72 4 b3 2 b2 n 2 b5 2 b* 2 b5 3

Result (type 8, 22leaves):

1
Jx“ FresnelS[bx] Sin[ = b?x?| dx
2

Problem 77: Unable to integrate problem.

1
sz FresnelS[bx] Sin|[ = b?x?| dx
2

Optimal (type 5, 137 leaves, 4 steps):

1
Cos [b2 7 x?] XCOS[; b2 x| FresnelS[bx]  presnelc [bx] FresnelS[b x]
_ _ N _

4 b3 52 b2 2b3 0

i x2 HypergeometricPFQ[ {1, 1}, {%, 2}, 7§11 b2 rx?| i x?HypergeometricPFQ[ (1, 1}, {3, 2}, i]'l b2 7t x?]
+

8bir 8bir

Result (type 8, 22 leaves):

1
sz FresnelS[bx] Sin[ = b?nx?| dx
2

| 21



22 | 8 Special functions.nb

Problem 83: Unable to integrate problem.

JFr‘esnels [bx] Sin[i b2 7t x2]

dx

X4

Optimal (type 4, 109 leaves, 8 steps):

b bCos|b?rx?] bZJTCOS[%bZJTXZ] FresnelS[bx] 4 FresnelS[b x] Sin[%bznxz]
- + - - = b?7? FresnelS[bx]? - + = b® rSinIntegral [b? 1 x?]
12 x? 12 x? 3x 6 3x3 6

Result (type 8, 22leaves):
JFresneIS[b X] Sin[i b2 7 x?]

dx

x4

Problem 87: Unable to integrate problem.
JFr‘esnelS[b X] Sin[% b2 7t x?]

dx

x8

Optimal (type 4, 224 leaves, 19 steps):

b bSx2  bCos[b2nx?| bSn2Cos[b? x| banos[%bzﬂxz} FresnelS[bx] b® 3 Cos[%bzﬁxz} FresnelS[b x]
- + + - - + +
84 x5 420 x? 84 x5 84 x? 35 x° 105 x
1 FresnelS[b x] Sin[%bzﬂxz] b* % FresnelS [b x] Sin[%bznxz] bdrsin[b2x?] 1
—— b’ 7* FresnelS[bx]? - + - - — b’ 7®SinIntegral [b? it x?]
210 7 x7 105 x3 105 x* 70

Result (type 8, 22leaves):
J‘Fr‘esnelS[b X] Sin[i b2 7t x2]

x8

dx

Problem 91: Unable to integrate problem.

1
st Cos [~ b? s x?| FresnelS[bx] dx
2

Optimal (type 5, 307 leaves, 23 steps):
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35 x4 X8 40 Cos[b? rx?|  5x*Cos[b?x?]
_ _ N _
8b>53 16b b® 7° 2b° 3
1 1
105xCos[;b27rx2] FresnelS[bx] 7x° COS[;bZJTXZ] FresnelS[bx] 1g5 FresnelC[b x] Fresnels [b x|
+ + -
b8 n* b* 72 2 b9
105 i x? HypergeometricPFQ[ {1, 1}, {%, 2}, - % ib27x?| 105 i x? HypergeometricPFQ[ {1, 1}, {%, 2}, % i b2 7 x?]
+ —
8 b7 n* 8 b7 4
35 x3 FresnelS [b x] Sin[ibzﬂxz} x” FresnelS b x] Sin[ibznxz] 55x25in[b2 1 x2|  x6Sin[b? 2]
+ - +
bé 3 b2 4 b7 74 4 b3 2

Result (type 8, 22 leaves):
st Cos | 1 b% 7 x?| FresnelS[b x] dx
2

Problem 93: Unable to integrate problem.

1
JXG Cos [~ b2 x?| FresnelS[bx] dx
2

Optimal (type 4, 184 leaves, 16 steps):

15 x2 NG 7x2Cos[b? x| 5 x3 Cos[i b2 x2| FresnelS[bX] 15 fpresnels [bx]2
- + + + -
4b573 12bn 4b° 3 b# 2 2b7 3
15 x FresnelS b x] Sin{%bznxz] x> FresnelS [b x] Sin[%bznxz} 11sin[b2 rx?]  x*Sin|[b? rx?]
+ - +
b6 73 b2 n 2 b7 it 4 b3 12

Result (type 8, 22leaves):
Jx"’ Cos | 1 b% 7 x?| FresnelS (b x] dx
2

Problem 95: Unable to integrate problem.

1
Jx“ Cos |~ b? nx?| FresnelS[bx] dx
2

Optimal (type 5, 195leaves, 10 steps):
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x4  Cos[b?rx?] 3x Cos |2 b%rx*| Fresnels[bx]
+ + -

8bn b® 3 b* 2
3 FresnelC[bx] Fresnels[bx] 31X HypergeometricPFQ[ (1, 1}, {i’ 24, *ij b2 7t x?]
2 b° ’ 8 b3 2 -
3 i x? HypergeometricPFQ[ {1, 1}, {%, 2}, i]'lbzf(xz} x3 FresnelS[b x] Sin[ibznxz} x2 Sin[b? 7 x2]
8 b3 2 : b2 7 : 4 b3 2

Result (type 8, 22leaves):

1
JX“ Cos [~ b2 x?| FresnelS[bx] dx
2

Problem 97: Unable to integrate problem.

1
sz Cos | = b? 7 x?] FresnelS[bx] dx
2

Optimal (type 4, 73 leaves, 5steps):

x2  FresnelS[bx]2 XFresnelS[bx] Sin[>b?mx] Sin[b? 7 x?]
- - + +

4br 2b3 7 b2 n 4 b3 2

Result (type 8, 22leaves):

1
sz Cos [~ b? s x?] FresnelS[bx] dx
2

Problem 99: Unable to integrate problem.

1
JCos[— b? 7 x?| FresnelS (b x] dx
2

Optimal (type 5, 80leaves, 1step):

FresnelC[b x] FresnelS[bx] 1 . ) . 3 T,
- = i b x? HypergeometricPFQ| {1, 1}, {=,2}, -=ib*nx |+
2b 8 2 2

1., : 3 1.5
= i b x? HypergeometricPFQ| {1, 1}, {=,2}, —ib*nx ]
8 2 2

Result (type 8, 19leaves):

1
JCos[— b? 7 x?| FresnelS[bx] dx
2



Problem 101: Unable to integrate problem.

JCos[i b2 7 x2| FresnelS [b x]

dx

XZ

Optimal (type 4, 48 leaves, 4 steps):

Cos |2 b? 7 x2]| FresnelS (b x] 1
- 2 - — b FresnelS[bx]?+ = bSinIntegral[b? s x?]
X 2 4

Result (type 8, 22leaves):
JCOS[%bznxz] FresnelS[b x]

dx

x2

Problem 105: Unable to integrate problem.

J‘Cos[; b2 7 x2| FresnelS[b x]

dx
XG
Optimal (type 4, 163 leaves, 13 steps):
bn b 1 Cos [b2 7 %2 ) Cos[% b?  x?| FresnelS[b x] ) b* 72 Cos[% b? s x?] FresnelS[b x] )
60 x? 24 x? 5 x° 15 x

b2 7t FresnelS[b x] Sin[ibzﬂxz] bSin[bznxz] 7

1 5_3 2
— b’ r° FresnelS[b x] < +
30 15 x3 40 x* 120

Result (type 8, 22 leaves):

JCOS[; b2 nxz] FresnelS[b x]

dx

x6

Problem 109: Unable to integrate problem.

J\Cos [i b2 7 x?] FresnelS [b x]

dx

Xl@

Optimal (type 4, 278 leaves, 26 steps):

- —— b® n? SinIntegral [b? it x? |

8 Special functions.nb | 25
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b3 1t b7 3 11b37rCos[b27rx2} 5b77r3Cos[b271x2] Cos[ibznxz] FresnelS[b x]
- - + - +

756 x® 3780 x?2 3024 x° 2016 x? 9 x°

1 1 . 1
b47r2Cos[;b27rx2] FresnelS[b x] b87T4COS[;b27TX2] FresnelS[bx] s 15 Fresnels[bx]2 D> 7 FresnelS(bx] Sln[;bznxz]

— — + —

315 x° 945 x 1890 63 x’
b® 7* FresnelS[bx] Sin[ ) b®71x*]  psin[b?nx?| 67b572Sin[b?rx?| 83b° n* SinIntegral b2 n x?]
- + +
945 x3 144 x8 30240 x* 30240

Result (type 8, 22leaves):
JCOS[%bznxz] FresnelS[b x]

dx

X10

Problem 118: Unable to integrate problem.

FresnelC[b x]
J— dx

X

Optimal (type 5, 69 leaves, 3 steps):

lbeyper‘geometr‘icPFQ[{l, 1}, {z, i}, 1 ib?x?] + lbeyper‘geometr‘icPFQ[{l, 1}, {z, i}, 1 ib? 7 x?|
2 272 272 2 2 272 27272
Result (type 8, 10leaves):
FresnelC[b x]
j— dx
X
Problem 131: Result more than twice size of optimal antiderivative.
JFr‘esnelC [a+bx] dx
Optimal (type 4, 37 leaves, 1 step):
(a+bx) FresnelC[a+bx] Si“[fﬂ (a+bx)2]
b b
Result (type 4, 90 leaves):
a FresnelC[a + b x] Cos[abﬂx+ib2nx2] Sin[a%"] Cos{azT”] Sinfabrx+ ibznxz}

+ X FresnelC[a + b x] - -
b b b




Problem 137: Result more than twice size of optimal antiderivative.
JFresnelC [a+bx] dx
Optimal (type 4, 37 leaves, 1step):

(a+bx) FresnelC[a+bx] ) Sin[iﬁ(aﬂ)x)z]

b b

Result (type 4, 90 leaves):

aFresnelC[a+bx] Cos|a b7rx+ib27rx2] Sin[azT”] Cos[azT”] Sin[abmx+ %bZJTXZ]
+ X FresnelC[a +bx] - -

b b st b s

Problem 140: Unable to integrate problem.

Jx7 FresnelC[bx]2 dx

Optimal (type 4, 253 leaves, 23 steps):

105 x2 7 %6 55 x2 Cos [b2 1 x?| x5 Cos [b? n1 x?] 105xCos{%b27Tx2] FresnelC[b x]
- + + - + -
16 b® n* 48 b2 2 16 b® 4 16 b2 2 4 b7
1

7 x5 COS[;bzﬂXZ] FresnelC[bx]  1p5FresnelC[bx]2 1 . ,

- + — x® FresnelC[bx]* +
4 b3 2 8 b8 8

35 x> FresnelC[bx] Sin[ > b?x?]  x’ FresnelC[bx] Sin[ 2 b% x| 10sin[b2 1x?|  5x*sin[b? 7 x?]

- - +

4 b3 3 4b b8 5 8 b4 3

Result (type 8, 12leaves):

JX7 FresnelC[bx]2 dx

Problem 142: Unable to integrate problem.

st FresnelC[bx]?dx

Optimal (type 5, 265 leaves, 16 steps):

8 Special functions.nb | 27
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5 x4 11Cos [b2 rx2|  x* Cos [b? 1 x?] 5x3Cos[%b27rx2} FresnelC[b x]
+ - - +
24 b2 72 6 b® 54 12 b2 72 3 b3 2

5 i x2 HypergeometricPFQ[ {1, 1}, {2, 2}, -2 1 b2 1 x?]

1, , 5FresnelC[bx] FresnelS([bx] yperg P ) Ry

— x° FresnelC[b x]“ - - ¥

6 2 b® 3 8 b*

51 x2 Hyper‘geometr‘icPFQ[{l, 1}, {%, 2}, i]'lbzf(xz} 5 x FresnelC[b x] Sin[ibznxz} x° FresnelC[b x] Sin[ibzﬁxz] 7 x2 Sin[bzﬂxz]
+ - +

8 b4 3 b5 3 3b 12 b* 3

Result (type 8, 12leaves):

JXS FresnelC[bx]2 dx

Problem 144: Unable to integrate problem.

Jx3 FresnelC[b x]? dx

Optimal (type 4, 140leaves, 10 steps):

3 %2 XZCOS[bZNXZ} 3xCos[ib27rx2} FresnelC[b x]

+

8 b2 72 8 b2 52 2 b3 2

3FresnelC[bx]? 1 x3 FresnelC[b x] Sin[%bznxz] sin[b? 71 x?]
+ = x*FresnelC[bx]?- +
4 b* 52 4 2br 2 b4 3

Result (type 8, 12leaves):

JX3 FresnelC[b x]2 dx

Problem 146: Unable to integrate problem.

Jx FresnelC[bx]? dx

Optimal (type 5, 144 leaves, 5steps):

Cos[bzﬂxz] z
- ———— + = x?>FresnelC[bx]?+ + -
4 b? 2 2 2b2% 87t

i x2 HypergeometricPFQ[ {1, 1}, {i, 2}, i]i b2 x?]  xFresnelC[b x] Sin[% b2 7 x2]

FresnelC[bx] FresnelS[bx] I x> HypergeometricPFQ| (1, 1}, {32}, _ii b2 7 x? |

871 b st

Result (type 8, 10leaves):
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Jx FresnelC[bx]2dx

Problem 152: Unable to integrate problem.

FresnelC[b x]?2
J— dx

x>

Optimal (type 4, 127 leaves, 9 steps):

b2 b? Cos [b? 1 x?] bCos[ibzﬂxz] FresnelC[b x] . ,
_ _ - - — b* m* FresnelC[b x]~ -
24 %2 24 x? 6 x> 12

FresnelC[bx]2 b’ FresnelC(bx] Sin[2b? 7 x?]
+ 2 - —b* 7w SinIntegral[b? i x?|
4 x4 6 X 12

Result (type 8, 12leaves):

FresnelC[b x]?2
J— dx

x>

Problem 156: Unable to integrate problem.

FresnelC[b x]?
J— dx

x°

Optimal (type 4, 242 leaves, 20 steps):

b2 b 72 b2Cos[b2nx?]  bSn?Cos b2 x?] bCos[ibzﬂxz} FresnelC[b x]
- + - + - +

336 x° 1680 x> 336 x°® 336 x2 28 x’

b5 2 Cos[%bznxz] FresnelC[b x] 1L, _ FresnelC(bx)? b3 5t FresnelC[b x] Sin[%bzﬂxz}
+ b® 7" FresnelC[b x]“ - + -

420 x3 840 8 x8 140 x°

b’ 73 FresnelC[b x] Sin[ibzﬂxz] b% 7 Sin[b? 11 x2] 1

+ + b8 7 SinIntegral [b? it x?|

420 x 420 x* 280

Result (type 8, 12leaves):

FresnelC[b x]?
J— dx

x°
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Problem 158: Unable to integrate problem.

J(CerX)Z FresnelC[a + b x]? dx

Optimal (type 5, 495 leaves, 18 steps):
2d2 x d(bc—ad)Cos[ﬂ(a+bx>2} d? (a+bx)Cos[ﬂ(a+bx)2]

3 b2 2 2 b3 2 6 b3 2
4d2Cos[%7r(a+bx)2} FresnelC[a +bXx] (bc—ad)z(a+bx) FresnelC[a+bx]? d(bc-ad) <a+bx)2Fr‘esne1C[a+bx}2
3 b3 2 : b3 : b3 :
d? <a+bx)3 FresnelC[a+bx]2 5d2 Fr‘esnelc[\/? (a+bx)] d (bc-ad) FresnelC[a+bx] FresnelS[a+bx]
3b3 ' 62 b3 2 i b3 7t :
(bc-ad)?Fresnels[v2 (a+bx)] id (bc-ad) (a+bx)?*HypergeometricPFQ[ {1, 1}, {%, 2}, —%J'].ﬂ' (a+bx)?]
V2 b3 : 4b3 )

id(bc-ad) (a+bx)?HypergeometricPFQ|[{1, 1}, {3, 2}, i]'lJT (a+bx)?] 2 (bc-ad)®FresnelC[a+bx] Sin[iﬂ (a+bx)?]

4b3 7 b3
2d (bc-ad) (a+bx) FresnelC[a +bx] Sin[iﬂ (a+bx)2} 2d? (a+bx)2Fr‘esne1C[a+bx] Sin[iﬂ(aerx)z}

b3 3b3
Result (type 8, 18 leaves):

J(c +dx)®FresnelC[a+bx]2dx

Problem 159: Unable to integrate problem.

J(c +dx) FresnelC[a+bx]?dx

Optimal (type 5, 279 leaves, 10 steps):
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dCos[ﬁ(aerx)z} (bc-ad) (a+bx) FresnelC[a+bx]?

+
4 b2 2 b?

+

d(a+bx) >FresnelCla+bx]? dFresnelC[a+bx] FresnelS[a+ b x] (bc-ad) Fresnels [\/7 (a+bx) ]

+ +
2 b? 2b% V2 b2
id (a+bx)*HypergeometricPFQ[ {1, 1}, {i, 2}, _iiﬂ (a+bx)?]

+

id (a+bx)*HypergeometricPFQ[ {1, 1}, {i, 2}, %in (a+bx)?]
8 b2 : 8b% )
2 (bc-ad) FresnelC[a+bx] Sin[iﬁ (a+bx)2} d (a+bx) FresnelC[a +bx] Sin[iﬁ (a+bx)2}
b2 ) b2

Result (type 8, 16 leaves):

J(c +dx) FresnelC[a+bx]*dx

Problem 166: Result more than twice size of optimal antiderivative.

FresnelC|[d (a+bLog[cx"]) |
J dx
X

Optimal (type 4, 66 leaves, 3 steps):

FresnelC[d (a+blog[cx"])] (a+bLoglcx"]) Sin[idzﬂ (a+bloglcx"])?]

bn bdn
Result (type 4, 165leaves):

aFresnelC[d (a+blog[cx"])] FresnelC|d (a+bLlog[cx"])] Log[cx"]
+
bn n

Cos [abd?rLog[c x"] +ib2d27rLog[cx“]2] Sin[ia2 d? |

Cos[iazdzﬂ] Sin[abd?Loglcx"] Jrib2 d? 7 Log[c x"]?|

bdnr bdnr

Problem 170: Unable to integrate problem.
Je“gibz“z FresnelC[b x] dx

Optimal (type 5, 64 leaves, 4 steps):
i e Erfil (L4 1) b/ x]°

LR
2 2

1 3 1
+ = b e x? HypergeometricPFQ[ {1, 1}, { =, 2}, ~ ib?nx?|
4 2

8b 2
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Result (type 8, 24 leaves):

c+lib?x?
e 2 FresnelC[b x] dx

Problem 171: Unable to integrate problem.
Jec'iibzﬁxz FresnelC[b x] dx

Optimal (type 5, 64 leaves, 4 steps):
i e Erf[ 2+ 1) b/ x]

41
2 2

1 3 1
+ = b e x> HypergeometricPFQ[ {1, 1}, { =, 2}, - = i b® nx?
8b 4 2 2

Result (type 8, 24 leaves):

c-tib2nx?
e 2 FresnelC[b x] dx

Problem 172: Unable to integrate problem.

) 1
JFresnelC [bx] Sin[c+ = b%nx?| dx
2

Optimal (type 5, 101 leaves, 4 steps):
Cos|[c] FresnelC[b x] FresnelS[bx] 1

. 3 1
+ =1 bx?Cos[c] HypergeometricPFQ[{1, 1}, { =, 2}, -~ ib>nx*| -
2b 8 2 2

1, . 3 1, FresnelC[b x]2Sin[c]
~ i bx?Cos[c] HypergeometricPFQ| {1, 1}, {=,2}, —ib*nx |+
8 2 2 2b

Result (type 8, 21 leaves):
JFr‘esnelC [bx] Sin[c+ 1 b% 7 x?| dx
2

Problem 173: Unable to integrate problem.

1
JCos[c+ = b2 x?| FresnelC[bx] dx
2

Optimal (type 5, 101 leaves, 4 steps):
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Cos[c] FresnelC[bx]? FresnelC[bx] FresnelS[bx] Sin[c]
2b 2b

1, , 3 1, 1, , 3 1,
— i b x? HypergeometricPFQ|[ {1, 1}, { =, 2}, - — i b?>nx?| Sin[c] + = i b x* HypergeometricPFQ| {1, 1}, { =, 2}, — i b x?] Sin[c]
8 2 2 8 2 2

Result (type 8, 21 leaves):

1
JCOS[C + = b2 x?] FresnelC[bx] dx
2

Problem 180: Unable to integrate problem.

1
st Cos| = b? 7 x?] FresnelC[bx] dx
2

Optimal (type 4, 231 leaves, 22 steps):

1 1
105x2  7x° 55 x? Cos [b2 7 x?] X6 Cos [b2 7 x2] ) 105xCosbb2ﬂx2] FresnelC[b x] ) 7 x° Cos[; b? 7 x2| FresnelC[b x] )
4b7 1 12b3 12 4 b7 7t 4 b3 2 b8 4 b* 2
105 FresnelC[bx]2 35X’ FresnelC[bx] Sin[ibzﬂxz} x” FresnelC [b x] Sin[ibzﬂxz] 405in[b2 rx2]  5x*Sin[b? 7 x?]
_ N N _
2 b% it b6 53 b2 5t b® n° 2 b3

Result (type 8, 22 leaves):
st Cos | 1 b% 7 x?| FresnelC[b x] dx
2

Problem 182: Unable to integrate problem.

1
JX‘S Cos [~ b2 x?| FresnelC[bx] dx
2

Optimal (type 5, 247 leaves, 15 steps):

5x4  11Cos|[b?nx?| x*Cos[b2yx?] 53 Cos[ibznxz} FresnelC[bX]  15FpesnelC[bx] FresnelS[bx]

- + + + +
8 b3 2 2b7 4 4 b3 7?2 b% 2 2b7 3
15 i x2 HypergeometricPFQ|[ {1, 1}, {i, 2}, —%]']. b2 x2] 15 i x? HypergeometricPFQ[ {1, 1}, {%, 2}, %Ji b2 7t x2]
8 b® 3 8 b® 3

15 x FresnelC[b x] Sin[ibznxz] x° FresnelC[b x] Sin[ibznxz} 7 %2 Sin[b2 1 %2
N _
b® 3 b2 x 4 b5 3

Result (type 8, 22 leaves):
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1
JX‘S Cos [~ b2 x?| FresnelC[bx] dx
2

Problem 184: Unable to integrate problem.

1
Jx“ Cos| = b? 7 x?| FresnelC[bx] dx
2

Optimal (type 4, 120leaves, 9 steps):

3x2  x2Cos[b?x?] 3xCos[ib2nx2] FresnelC[bX] 3 fresnelC (b x]2 x3Fr‘esne1C[bx]Sin[ibznxz] sin[b? 7 x?]
+ + -

_ 4 _
4 b3 72 4 b3 2 b% 2 2 b° 2 b2 it b5 3

Result (type 8, 22leaves):

1
jx“ Cos [~ b2 x?| FresnelC[bx] dx
2

Problem 186: Unable to integrate problem.

1
sz Cos | = b? 7 x?] FresnelC[bx] dx
2

Optimal (type 5, 136 leaves, 4 steps):

Cos[b2 x|  FresnelC[bx] FresnelS[bx] i x? HypergeometricPFQ[ {1, 1}, {3) 2}, _ii b2 70 x? |
- - +

4 b3 2 2b3 7 8brr
i x2 HypergeometricPFQ| {1, 1}, {%, 2}, i]'l b2 x2|  xFresnelC[bx] Sin[ibzﬁxz]

+

8b b2 n

Result (type 8, 22leaves):

1
JXZ Cos |~ b2 x?| FresnelC[bx] dx
2

Problem 192: Unable to integrate problem.

JCOS [% b2 7 x2| FresnelC[b x]

dx

x4

Optimal (type 4, 109 leaves, 8 steps):
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b b Cos [b 7 x2] Cos[%bznxz} FresnelC[bx] 4 ., . . o
- - = b3 7% FresnelC[bx]?+ - = b? nSinIntegral [b? 7 x?]
12 x2 12 x? 3x3 6 3x 6

b2 5t FresnelC[b x] Sin [% b2 7t x2]

Result (type 8, 22leaves):
J\Cos[ibzﬂxz] FresnelC[b x]

dx

x4

Problem 196: Unable to integrate problem.

JCos[i b2 7 x2| FresnelC[b x]

dx

x8

Optimal (type 4, 224 leaves, 19 steps):

b bSx2  bCos[b2nx?] bSn2Cos[b? x| Cos|[ b2 x?] FresnelC[bx] b*n?Cos[2 b2 x?| FresnelC[b x]
2 2 7 4 2
- + - + - + + b’ 7* FresnelC[b x]“ +
84 x5 420 x? 84 x5 84 x? 7 x’ 105 x3 210
b2 7t FresnelC [b x] Sin[ibzﬂxz] b® 73 FresnelC [b x] Sin[ibznxz] b3 nsin[b2 x| 1
- + + — b’ 7® SinIntegral [b? it x?|
35 x° 105 x 105 x* 70

Result (type 8, 22 leaves):
J‘Cos[;bznxz] FresnelC[b x]

dx

X8

Problem 200: Unable to integrate problem.

1
st FresnelC[bx] Sin[ = b?x?| dx
2

Optimal (type 5, 308 leaves, 23 steps):
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35 x4 x8 40 Cos[b? rx?|  5x*Cos[b? rx?]
- + - + +
8b>m3 16br b® 7° 2 b> 3
1 1
35 x3 Cos[; bznxz} FresnelC[b x] ) x7 COS[;bZHXZ] FresnelC[b x] ) 105 FresnelC[b x] FresnelS[b x] )
b 3 b? 2b°

105 i x? HypergeometricPFQ[ {1, 1}, {%, 2}, - % ib27x?| 105 i x? HypergeometricPFQ[ {1, 1}, {%, 2}, % i b2 7 x?]

8 b7 n* 8 b7 n*

105 x FresnelC[b x] Sin[ibznxz] 7 x5 FresnelC[b x] Sin[ibznxz] 55x25in[b2 1 x2]  x6Sin[b2 %2
+ - +
b8 4 b* 72 4 b7 7t 4 b3 2

Result (type 8, 22 leaves):
st FresnelC[bx] Sin| 1 b% rrx?| dx
2

Problem 202: Unable to integrate problem.

1
JXG FresnelC[bx] Sin|[ = b?mx?| dx
2

Optimal (type 4, 185leaves, 16 steps):

15 x2 6 7 x2 Cos [b2 71 x2] 15xCos[% b? 7 x2| FresnelC[bx] X Cos[i b? 7 x2| FresnelC[b x]
Tabse 12061 abSe bS 3 ) b2 .
15 FresnelC[bx]2 5 X FresnelC[bx] Sin[%bzﬂxz} 115in[b? rx?]  x*Sin[b? 7 x?]
2b7 73 : b* 2 ) 2b7 : 4 b3 2

Result (type 8, 22leaves):
st FresnelC[bx] Sin| 1 b% 7 x?| dx
2

Problem 204: Unable to integrate problem.

1
Jx“ FresnelC[bx] Sin|[ = b?x?| dx
2

Optimal (type 5, 196 leaves, 10 steps):



X

4 Cos|b?rx?] x3 Cos[% b2 7 x2]| FresnelC(bx] 3 FresnelC[b x] FresnelS[bx] 31X’ HypergeometricPFQ[ {1, 1}, {%, 2}, —ii b2 7t x2|
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+ —

8b b> 3 b2 nt 2 b° 2 8 b3 2

3 i x? HypergeometricPFQ[ {1, 1}, {3, 2}, i]'l b2 x?] 3 xFresnelC[bx] Sin[i b2rx?| 2 Sin[b? 7 x2]
+ +
8 b3 2 b 72 4 b3 72

Result (type 8, 22 leaves):
Jx“ FresnelC[bx] Sin| 1 b% 7 x?| dx
2

Problem 206: Unable to integrate problem.

1
sz FresnelC[bx] Sin|[ = b?nx?| dx
2

Optimal (type 4, 74 leaves, 5steps):
2 xCos[inNXZ] FresnelC[bx] FpesnelC[bx]2 Sin[b?nx?]

- + +

4b b2 2b3 4 b3 7?2

Result (type 8, 22leaves):
JXZ FresnelC[bx] Sin| 1 b% 7 x?| dx
2

Problem 208: Unable to integrate problem.

1
jFresnelC[b x] Sin[ = b? 1 x?] dx
2

Optimal (type 5, 80leaves, 1step):

FresnelC[b x] FresnelS[bx] 1 . ) . 3 1, 0,
+ = 1 bx?HypergeometricPFQ| {1, 1}, { =, 2}, -~ ib?nx*| -
2b 8 2 2

1 2 A 3 1 2 2
— i b x? HypergeometricPFQ| {1, 1}, { =, 2}, — i b’ x?|
8 2 2

Result (type 8, 19leaves):

. 1
JFresnelC[b x] Sin[ = b? 1 x?] dx
2

+
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Problem 210: Unable to integrate problem.
JFr‘esneIC[b X] Sin[i b2 7t x2]

dx

XZ

Optimal (type 4, 48 leaves, 4 steps):

FresnelC[b x] Sin [% b2 7t x2|

1
~brFresnelC[bx]?-
2 X 4

Result (type 8, 22leaves):
JFr‘esnelC[b X] Sin[% b2 7t x2]

2

dx
X

Problem 214: Unable to integrate problem.

J‘Fr'esnelc [bx] Sin[i b2 7t x2]

dx
X6

Optimal (type 4, 163 leaves, 13 steps):

+ = bSinIntegral|b

27TX2]

b>r  bdrCos[b?rx2| b?rCos|’b?yrx?]| FresnelC[bx]
_ _ _ 2 -~ b° 7 FresnelC[bx]? -
60 x2 24 x? 15 x3 30
FresnelC[bx] Sin[2 b2 x2]  b*n? FresnelC[bx] Sin[2 b2 7 x?] b Sin[b? rrx2] 7
2 . 2 - - — b® n? SinIntegral [b® rr x?|
5 x° 15 x 40 x* 120

Result (type 8, 22 leaves):
JFresneIC[b x] Sin[i bzﬁxz]

6

dx
X

Problem 218: Unable to integrate problem.

J\Fr'esnelc [bx] Sin [i b2 7 x?]

dx
x1@

Optimal (type 4, 278 leaves, 26 steps):
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b3 b7 73 11b3nCos|[b?rx?| 5b’ 73 Cos|b?rx?] banos[ib%TxZ] FresnelC[b x]
+ - + - +

756 x6 3780 x?2 3024 x° 2016 x? 63 x’

1 . 1 . 1
b® 3 Cos[;bznxz] FresnelC[b x] ) b° r® FresnelC[bx]2 FresnelC[b x] Sln[; b2 7t x2| ) b% 72 FresnelC [b x] Sln[; b2 7t x2 | )

945 x3 1890 9 x° 315 x°

b® n* FresnelC[bx] Sin[J b®71x*]  psin[b?nx?| 67b572Sin[b?rx?| 83b° n* SinIntegral b2 n x?]
- + +

945 x 144 x8 30240 x* 30240

Result (type 8, 22leaves):
JFr‘esneIC[b X] Sin[% b2 7t x2]

x1e

dx

Test results for the 208 problems in "8.3 Exponential integral functions.m"

Problem 4: Unable to integrate problem.

ExpIntegralE[1, b x]
J dx

X
Optimal (type 5, 32leaves, 1step):
b x HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -bx] - EulerGamma Log[x] - : Log[bx]?
2

Result (type 8, 11 leaves):
JEprntegr'alE [1, bx]

dx
X

Problem 5: Unable to integrate problem.

ExpIntegralE[1, b X]
j dx

XZ

Optimal (type 4, 20leaves, 1step):
ExpIntegralE[1, bx] ExpIntegralE[2, bx]

X X

Result (type 8, 11 leaves):
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ExpIntegralE[1, b Xx]
J dx

x2

Problem 6: Unable to integrate problem.

ExpIntegralE[1, b x]
J dx

x3

Optimal (type 4, 25leaves, 1 step):
ExpIntegralE[1, bx] ExpIntegralE[3, bXx]
- +

2 x? 2 x?

Result (type 8, 11leaves):
JEprntegr‘alE[l, b x] dx

x3

Problem 7: Unable to integrate problem.

ExpIntegralE[1, b x]
J dx

x4

Optimal (type 4, 25leaves, 1step):
ExpIntegralE[1, bx] ExpIntegralE[4, bx]
- +

3 x3 3 x3

Result (type 8, 11leaves):
JEprntegr‘alE [1, bx]

dx

x4

Problem 11: Unable to integrate problem.

ExpIntegralE[2, b x]
J dx

X

Optimal (type 4, 13leaves, 1step):
-ExpIntegralE[1, bx] + ExpIntegralE[2, b x]

Result (type 8, 11leaves):
JEprntegr‘alE[Z, b x] dx

X
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Problem 12: Unable to integrate problem.

dx

JEprntegr'alE [2, bx]
2

X

Optimal (type 5, 46 leaves, 2 steps):
ExpIntegralE[2, b Xx]

1
- b? x HypergeometricPFQ[{1, 1, 1}, {2, 2, 2}, -bx] + b EulerGamma Log[x] + — b Log[b x]?
X 2

Result (type 8, 11 leaves):
JEprntegr‘alE[Z, b x] dx

x2

Problem 13: Unable to integrate problem.

ExpIntegralE[2, b Xx]
j dx

X3
Optimal (type 4, 20leaves, 1step):
ExpIntegralE[2, bx] ExpIntegralE[3, bx]

2 2

X X

Result (type 8, 11 leaves):
JEprntegr'alE [2, bx]

dx

x3

Problem 14: Unable to integrate problem.

dx

JEprntegr‘alE [2, bx]
4

X
Optimal (type 4, 25leaves, 1 step):

ExpIntegralE[2, bx] ExpIntegralE[4, bXx]
- +

2x3 2x3

Result (type 8, 11leaves):
JEprntegr‘alE[Z, b x] dx

x4
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Problem 15: Unable to integrate problem.

ExpIntegralE[2, b X]
J dx

x5

Optimal (type 4, 25leaves, 1step):
ExpIntegralE[2, bx] ExpIntegralE[5, bx]
- +

3 x4 3 x4

Result (type 8, 11 leaves):
JEprntegr‘alE [2, bx]
5

dx
X

Problem 19: Unable to integrate problem.

ExpIntegralE[3, bx]
J dx

X
Optimal (type 4, 19leaves, 1step):
- 1 ExpIntegralE[1, bx] + 1 ExpIntegralE[3, b x]
2 2

Result (type 8, 11 leaves):
JEprntegr'alE[B, b x] dx

X

Problem 20: Unable to integrate problem.

ExpIntegralE[3, b Xx]
J dx

X2

Optimal (type 4, 20leaves, 1step):
ExpIntegralE[2, bx] ExpIntegralE[3, bx]

X X

Result (type 8, 11 leaves):
JEprntegr‘alE[B, b x] dx

x2
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Problem 21: Unable to integrate problem.

dx

JEprntegr'alE [3, bx]
3

X
Optimal (type 5, 70leaves, 3 steps):
b ExpIntegralE[2, bx] ExpIntegralE[3, bXx]

2 X 2 x2

1 1 1
+ — b3 x HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -bx] - = b? EulerGamma Log[x] - — b% Log[b x]?
2 2 4

Result (type 8, 11 leaves):
JEprntegr‘alE [3, bx]

dx

x3

Problem 22: Unable to integrate problem.

ExpIntegralE[3, bx]
J dx

x4

Optimal (type 4, 20leaves, 1step):
ExpIntegralE[3, bx] ExpIntegralE[4, bXx]
- +

3 3

X X

Result (type 8, 11 leaves):
JEprntegr‘alE [3, bx] dx

X4

Problem 23: Unable to integrate problem.

dx

JEprntegr‘alE [3, bx]
5

X
Optimal (type 4, 25leaves, 1 step):
ExpIntegralE[3, bx] ExpIntegralE[5, bx]
- +

2 x4 2 x4

Result (type 8, 11 leaves):
JEprntegr‘alE [3, bx]

dx

x>
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Problem 24: Unable to integrate problem.

ExpIntegralE[3, b x]
J dx

X6

Optimal (type 4, 25leaves, 1step):
ExpIntegralE[3, bx] ExpIntegralE[6, bx]
- +

3 x° 3 x°

Result (type 8, 11 leaves):
JEprntegr‘alE [3, bx]
6

dx
X

Problem 29: Unable to integrate problem.

ExpIntegralE[-1, bXx]
J dx

X
Optimal (type 4, 19leaves, 1step):
- 1 ExpIntegralE[-1, bx] + 1 ExpIntegralE[1l, b X]
2 2

Result (type 8, 11 leaves):
JEprntegr'alE[fl, b x] dx

X

Problem 30: Unable to integrate problem.

ExpIntegralE[-1, b x]
J dx

XZ

Optimal (type 4, 25leaves, 1step):
ExpIntegralE[-1, bx] ExpIntegralE[2, bX]
3x 3x

Result (type 8, 11 leaves):
JEprntegr‘alE[—l, b x] dx

x2



8 Special functions.nb | 45

Problem 31: Unable to integrate problem.

ExpIntegralE[-1, bx]
J dx

x3

Optimal (type 4, 25leaves, 1step):
ExpIntegralE[-1, bx] ExpIntegralE[3, bx]
- +

4 x2 4 x2?

Result (type 8, 11 leaves):
JEprntegr‘alE [-1, bx]
3

dx
X

Problem 37: Unable to integrate problem.

ExpIntegralE[-2, b Xx]
J dx

X
Optimal (type 4, 19leaves, 1step):
- 1 ExpIntegralE[-2, bx] + 1 ExpIntegralE[1l, b X]
3 3

Result (type 8, 11 leaves):
JEprntegr'alE[fz, b x] dx

X

Problem 38: Unable to integrate problem.

ExpIntegralE[-2, b x]
J dx

XZ

Optimal (type 4, 25leaves, 1step):
ExpIntegralE[-2, bx] ExpIntegralE[2, bX]
4 x 4x

Result (type 8, 11 leaves):
JEprntegr‘alE[—z, b x] dx

x2
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Problem 39: Unable to integrate problem.

ExpIntegralE[-2, bx]
J dx

x3

Optimal (type 4, 25leaves, 1step):
ExpIntegralE[-2, bx] ExpIntegralE[3, bx]
- +

5 x? 5 x?

Result (type 8, 11 leaves):
JEprntegr‘alE [-2, bx]

dx

x3

Problem 40: Result more than twice size of optimal antiderivative.
st ExpIntegralE[-3, bx] dx

Optimal (type 4, 25leaves, 1step):

1 1
- — x% ExpIntegralE[-5, bx] + — x® ExpIntegralE[-3, bx]
2 2

Result (type 4, 60 leaves):
e®* (60 + 60 b x +20 b2 x? + b> e”* x® ExpIntegralE[-2, bx] +5b*e®* x* ExpIntegralE[-1, bx])

b6

Problem 41: Result more than twice size of optimal antiderivative.
JX“ ExpIntegralE[-3, bx] dx
Optimal (type 4, 20leaves, 1step):
-x° ExpIntegralE[-4, bx] + x® ExpIntegralE[-3, bx]

Result (type 4, 49 leaves):
b* x* ExpIntegralE[-2, bx] +4e®* (6+3bx+b>e®*x?ExpIntegralE[-1, bx])
bS
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Problem 43: Result more than twice size of optimal antiderivative.
sz ExpIntegralE[-3, b x] dx
Optimal (type 4, 20leaves, 1step):
-x3 ExpIntegralE[-3, bx] + x> ExpIntegralE[-2, bx]

Result (type 4, 42 leaves):
2 e ®*+ b3 x3 ExpIntegralE[-2, bx] +2b%x? ExpIntegralE[-1, bx]

b4 x

Problem 46: Unable to integrate problem.

ExpIntegralE[-3, bx]
J dx

X

Optimal (type 4, 19leaves, 1 step):

- : ExpIntegralE[-3, bx] + : ExpIntegralE[1, b Xx]
4 4

Result (type 8, 11 leaves):
JEprntegr‘alE [-3, bx] dx

X

Problem 47: Unable to integrate problem.

ExpIntegralE[-3, bx]
J dx

x2

Optimal (type 4, 25leaves, 1 step):
ExpIntegralE[-3, bx] ExpIntegralE[2, bXx]
- +
5 x 5x

Result (type 8, 11leaves):
ExpIntegralE[-3, bx]
j N dx

X
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Problem 48: Unable to integrate problem.

dx

JEprntegr'alE [-3, bx]
3

X
Optimal (type 4, 25leaves, 1step):

ExpIntegralE[-3, bx] ExpIntegralE[3, bx]
- +

6 x? 6 X2

Result (type 8, 11 leaves):
JEprntegr‘alE [-3, bx]

dx

x3

Problem 53: Unable to integrate problem.

ExpIntegralE[1, b x]
J dx

X

Optimal (type 5, 32leaves, 1step):

b x HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -bx] - EulerGamma Log[x] - 1 Log[bx]?
2

Result (type 8, 11 leaves):
JEprntegr'alE[l, b x] dx

X

Problem 54: Unable to integrate problem.

ExpIntegralE[2, b X]
J dx

X2

Optimal (type 5, 46 leaves, 2 steps):
ExpIntegralE[2, b x]

1
- b? x HypergeometricPFQ[{1, 1, 1}, {2, 2, 2}, -bx] + b EulerGamma Log[x] + — b Log[b x]?
X 2

Result (type 8, 11 leaves):
JEprntegr‘alE[Z, b x] dx

x2
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Problem 55: Unable to integrate problem.

dx

JEprntegr'alE [3, bx]
3

X
Optimal (type 5, 70leaves, 3 steps):
b ExpIntegralE[2, bx] ExpIntegralE[3, bXx]

2 X 2 x2

1 1 1
+ — b3 x HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -bx] - = b? EulerGamma Log[x] - — b% Log[b x]?
2 2 4

Result (type 8, 11 leaves):
JEprntegr‘alE [3, bx]

dx

x3

Problem 56: Unable to integrate problem.

J(d x)>'? ExpIntegralE |- i, bx| dx
2

Optimal (type 5, 62leaves, 1step):

4 (dx)°"? Hyper‘geometr‘icPFQHi, 2}, {%, %}, -bx| 3/ (dx)*2 Log [x]
- +

25d 4b<bx>3/2

Result (type 8, 17 leaves):
J(d x) */? ExpIntegralk | - i, b x| dx
2

Problem 57: Unable to integrate problem.

1
J\/dx ExpIntegralE|- —, bx]| dx
2

Optimal (type 5, 62leaves, 1step):
3

4 (d x)3/2 Hyper‘geometr‘icPFQH%, ;}, {i, 3}, -bx| V7T Adx Log[x]
N
9d 2b-/bx

Result (type 8, 17 leaves):

1
J\/dx ExpIntegralE|- —, bx| dx
2
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Problem 58: Unable to integrate problem.

Eprntegr‘alE[i, bx|
Vdx

Optimal (type 5, 57 leaves, 1step):
4-/dx Hyper‘geometr‘icPFQ[{i, 1, {%, 3}, -b x| V7 Vbx Log[x]
- +

2

d b+/dx
Result (type 8, 17 leaves):
ExpIntegralk | %, bx]
J\ Vdx

dx

dx

Problem 59: Unable to integrate problem.

JEprntegr‘alE [ 3, bx|

(d X>3/2

dx

Optimal (type 5, 58 leaves, 1step):
4Hyper‘geometr‘icPFQH—%, —%}, {%, %}, -bx| 27 (bx)*? Log[x]

d /—d X b (d X) 3/2
Result (type 8, 17 leaves):

J‘Explntegr‘alE[z, bx]

(d X)3/2

dx

Problem 60: Unable to integrate problem.

J\ExplntegralE[i, bx]

(d X)S/Z

dx

Optimal (type 5, 62 leaves, 1 step):
4Hyper‘geometr‘icPFQ[{—%, =21, {—i, —i}, -bx| a4+ (bX)S/Z Log [X]

2
+

9d (dx)*? 3b (dx)°’?
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Result (type 8, 17 leaves):

J\Explntegr‘alE [ 3, bx]

(d X)S/Z

dx

Problem 61: Unable to integrate problem.

jx"‘ ExpIntegralE[n, x] dx

Optimal (type 4, 32leaves, 1step):
x*M ExpIntegralE[-m, x] x¥*™ExpIntegralE[n, X]

m+n m+n
Result (type 8, 9leaves):

Jx'“ ExpIntegralE[n, x] dx

Problem 62: Unable to integrate problem.

Jx’" ExpIntegralE[n, bx] dx

Optimal (type 4, 36 leaves, 1step):

x*" ExpIntegralE[-m, bx] x**"ExpIntegralE[n, bx]
- +

m+n m+n
Result (type 8, 11 leaves):

jx"‘ ExpIntegralE[n, bx] dx

Problem 63: Unable to integrate problem.

J(d x)" ExpIntegralE[n, x] dx

Optimal (type 4, 42leaves, 1step):
(dx)*"™ExpIntegralE[-m, x]  (dx)""ExpIntegralE[n, X]

- +

d (m+n) d (m+n)

Result (type 8, 11leaves):
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J(d x)" ExpIntegralE[n, x] dx

Problem 64: Unable to integrate problem.

J(d x)" ExpIntegralE[n, bx] dx

Optimal (type 4, 46leaves, 1step):
(dx)**"ExpIntegralE[-m, bx] (dx)"™"ExpIntegralE[n, bx]

- +

d (m+n) d (m+n)

Result (type 8, 13 leaves):

J(d x)" ExpIntegralE[n, bx] dx

Problem 65: Unable to integrate problem.
Jx’“ ExpIntegralE[n, x] dx
Optimal (type 5, 52leaves, 1 step):

x" HypergeometricPFQ[{1-n, 1-n}, {2-n, 2-n}, -X]
(1-n)°

+Gamma [l -n] Log[X]

Result (type 8, 11 leaves):

JX’“ ExpIntegralE[n, x] dx

Problem 66: Unable to integrate problem.

Jx’“ ExpIntegralE[n, bx] dx

Optimal (type 5, 66 leaves, 1 step):
x1 " HypergeometricPFQ[{1-n, 1-n}, {2-n, 2-n}, -bx] X" (bx)"Gamma[1-n] Log[x]

+

(1-n)? b
Result (type 8, 13 leaves):

Jx‘" ExpIntegralE[n, b x] dx



Problem 67: Unable to integrate problem.

J(d x) " ExpIntegralk[n, x] dx

Optimal (type 5, 67 leaves, 1step):
(dx)* " HypergeometricPFQ[{1-n, 1-n}, {2-n, 2-n}, -X]

- +x" (dx) "Gamma[1-n] Log[x]

d(1-n) 2
Result (type 8, 13 leaves):

J(d x) " ExpIntegralE [n, x] dx

Problem 68: Unable to integrate problem.

J(d x) " ExpIntegralE[n, bx] dx

Optimal (type 5, 73 leaves, 1step):
(dx) " HypergeometricPFQ[{1-n, 1-n}, {2-n, 2-n}, -bx]

(bx)" (dx) "Gamma[1-n] Log[x]

_ d(1-n)?
Result (type 8, 15leaves):

J(d x) "ExpIntegralk[n, bx] dx

Problem 72: Unable to integrate problem.

ExpIntegralE[n, b x]
J dx

X
Optimal (type 4, 28 leaves, 1step):

ExpIntegralE[1, bx] ExpIntegralE[n, bx]
1-n 1-n

Result (type 8, 11 leaves):
JEprntegr'alE [n, bx] dx

X

+

b
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Problem 73: Unable to integrate problem.

ExpIntegralE[n, b x]
J dx

x2

Optimal (type 4, 34 leaves, 1step):
ExpIntegralE[2, bx] ExpIntegralE[n, bXx]
(2-n) x (2-n)x

Result (type 8, 11 leaves):
JEprntegr‘alE[n, b x] dx

x2

Problem 74: Unable to integrate problem.

JEprntegr‘alE [n, bx]
X

X3

Optimal (type 4, 34 leaves, 1step):
ExpIntegralE[3, bx] ExpIntegralE[n, bXx]
(3-n) x? (3-n) x?

Result (type 8, 11 leaves):
JEprntegr‘alE[n, b x] dx

x3

Problem 80: Unable to integrate problem.

ExpIntegralE[1, a +bX]
J dx

<C+dx>2

Optimal (type 4, 84 leaves, 5steps):

b

be ® & ExpIntegralfi |- 24X\ ]

ExpIntegralE[1l, a+bx] bExpIntegralEi[-a-bX] d

d (c-dx) d(bc-ad) ' d(bc-ad)

Result (type 8, 17 leaves):
JEprntegr'alE [1, a+bx]

(c+dx)2

X
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Problem 81: Unable to integrate problem.

ExpIntegralE[1, a +bX]
J dx

<C+dx>3

Optimal (type 4, 174 leaves, 7 steps):
beabx ExpIntegralE[1, a +b x]
2d<bcfad) (c+dx) 2d(c+dx>2

bc bc
2 mat . b (c+dx) 2 —ar— . b (c+dx)
b2 ExpIntegralEi[-a-bx] D€ ¢ ExpIntegralEi|- p ] b?e ™« ExpIntegralEi|- p ]

+ —

2d (bc-ad)? 2d (bc-ad)? 2d? (bc-ad)

Result (type 8, 17 leaves):
JEprntegr'alE [1, a+bx]

<C+dx>3

X

Problem 82: Unable to integrate problem.

ExpIntegralE[1, a +bX]
J dx

<C+dx>4

Optimal (type 4, 292 leaves, 10 steps):
beabx b2 g abx b2 @ a-bx ExpIntegralE[1, a+bx] b?ExpIntegralEi[-a-bx]

+ +
6d (bc-ad) (c+dx)> 3d(bc-ad)’(c+dx) 6d*(bc-ad) (c+dx) 3d (c+dx)? 3d (bc-ad)?
b e s ExpIntegralEi[- b—“;—dx)—} b e ™ ExpIntegralEi|- b—(cgﬂ)—] b e ™ ExpIntegralEi|- M%L]

- +

3d (bc-ad)? 3d? (bc-ad)? 6d> (bc-ad)

Result (type 8, 17 leaves):
JEprntegr'alE [1, a+bx]

<C+dx>4

dx

Problem 89: Unable to integrate problem.

ExpIntegralE[2, a +bX]
J dx

<C+dx>3

Optimal (type 4, 117 leaves, 6 steps):
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b ExpIntegralE[1, a+bx] ExpIntegralE[2, a+bx] b?ExpIntegralEi[-a-b x]
- +

bc
b?e ® ¢ ExpIntegralEi |-

b (c+dx
d

}

2d2(c+dx) 2d(c+dx)2 2d2(bc—ad) 2d2(bc—ad)

Result (type 8, 17 leaves):
jEprntegr‘alE [2, a+bX]

<c+dx)3

X

Problem 90: Unable to integrate problem.

ExpIntegralE[2, a +bX]
j dx

(c+dx)*

Optimal (type 4, 198 leaves, 8 steps):
b2 e abx b ExpIntegralE[1, a+bx] ExpIntegralE[2, a+bX]
i -
6d’> (bc-ad) (c+dx) 6d? (c+dx)? 3d (c+dx)?

+

bc bc
b3 e ® ¢ ExpIntegralEi [— bgc;ﬂ)_] b3 e ®" ¢ ExpIntegralEi [— b—“;ﬂ)—
- +

6d2(bc7ad)2 6d2(bc7ad)2 6d* (bc-ad)

b3 ExpIntegralEi[-a-bx]

Result (type 8, 17 leaves):
jEprntegr‘alE [2, a+bX]

(c+dx)*

dx

Problem 98: Unable to integrate problem.

jEprntegr‘alE [3, a+bx]
X

(c+dx)*

Optimal (type 4, 141 leaves, 7 steps):
b2 ExpIntegralE[1, a+bx] bExpIntegralE[2, a+bx]
- +
6d> (c+dx) 6d? (c+dx)?

bc
b*>e ® ¢ ExpIntegralEi|- M)—]

ExpIntegralE[3, a+bx] b3ExpIntegralEi[-a-bx] d

3d(c+dx)3 6d° (bc-ad) ' 6d> (bc-ad)

Result (type 8, 17 leaves):



8 Special functions.nb | 57

ExpIntegralE[3, a+bXx]
J dx

<C+dx>4

Problem 104: Unable to integrate problem.

ExpIntegralE[-1, a+ b Xx]
J dx

c+dx
Optimal (type 4, 157 leaves, 7 steps):
bc bc
_a+ <& . b (c+d -a+— . b (c+d
de-a-bx e-a-bx d ExpIntegralEi[-a-bx] de€ ¢ Eprntegr‘alEl[—J—)—cd L] e Eprntegr‘alEl[——(—)—cd <]

— — + —

b(bc-ad) (c+dx) b(a+bx) (c+dx) (bc-ad)? (bc-ad)? bc-ad

Result (type 8, 17 leaves):
JEprntegr'alE [-1, a+bx]

dx
c+dx

Problem 105: Unable to integrate problem.

jEprntegr‘alE [-1, a+bx]
X

(c+dx)2

Optimal (type 4, 258 leaves, 10 steps):
deabx e abx 2deabx e abx 2bdExpIntegralEi[-a-bx]

b(bc-ad) (c+dx)> b(a+bx) (c+dx)® (bc-ad)®(c+dx) ’ (bc-ad) (c+dx) (bc-ad)?

+

bc bc bc
2bde * ¢ ExpIntegralki|- b—(c;—dx)—} 2be * ¢ ExpIntegralki|- b—“;—dx)—} be ® ¢ ExpIntegralEi|- b—“;—dx)—}
- +

(bc-ad)? (bc-ad)? d(bc-ad)

Result (type 8, 17 leaves):
jEprntegr‘alE [-1, a+bx]
(c+dx) 2

dx

Problem 106: Unable to integrate problem.

ExpIntegralE[-1, a + b x]
j dx

(c+dx)3

Optimal (type 4, 416 leaves, 14 steps):
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d e—a—bx e—a—bx 3d e—a—bx e—a—bx 3bd e—a—bx
- - - + - +

b(bc-ad) (c+dx)® b(a+bx) (c+dx)> 2(bc-ad)?(c+dx)®> 2(bc-ad) (c+dx)®> (bc-ad)’®(c+dx)

bc

3be2bx ) beabx 3 b2 d ExpIntegralEi[-a - b x] . 3b?de ™o Eprntegr‘alEi{— M%L] )
2 (bc-ad)® (c+dx) 2d(bc-ad) (c+dx) (bc-ad)* (bc-ad)*
3b2e s Eprntegr‘alEi[fb—(C;&)—] 3b2e s EprntegralEi[be%)—] b2e s Eprntegr‘alEi[fﬂ%L]

+ —

(bc-ad)? 2d (bc-ad)? 2d’> (bc-ad)

Result (type 8, 17 leaves):
JEprntegr‘alE [-1, a+bx]
(C +d X) 3

dx

Problem 112: Unable to integrate problem.

JEprntegr‘alE [-2, a+bx]
X

c+dx

Optimal (type 4, 287 leaves, 11 steps):

d2 eabx d eabx 2d2 gabx deabx ExpIntegralE[-1, a + b x]
+ + - -

b2 (bc-ad) (c+dx)2 b? (a+bx) <c+dx)2 b(bc—ad)z(c+dx) b(bc-ad) (c+dx) b (c+dx)

bc bc bc
—a+— . b (c+d —a+— . b (c+d —a+— . b (c+d
2 d? ExpIntegralEi[-a-bx] 2d°e s Eprntegr‘alEl[chd—XL} 2de ™ Eprntegr‘alEl[74cd—XL} e Eprntegr‘alEl[fJ‘d—XL}

— + —

(bc—ad)3 (bc—ad)3 (bc_ad)2 bc-ad

Result (type 8, 17 leaves):
JEprntegr‘alE [-2, a+bx]

dx
c+dx

Problem 113: Unable to integrate problem.

JEprntegr'alE [-2, a+bx]
X

(c+dx)2

Optimal (type 4, 422 leaves, 15 steps):
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2 d2 efa—bx 2d e—a—bx 3 d2 e—a—bx d e—a—bx 6 d2 e—a—bx 3d e—afbx
+ + - + - +

b? (bc-ad) (c+dx)3 b? (a+bx) (c+dx)3 b(bc—ad)z(c+dx)2 b(bc-ad) (c;+dx)2 (bc—ad)B(c+dx) (bc—ad)z(c+dx)

b

eabx ExpIntegralE[-1, a+bx] 6bd?ExpIntegralEi[-a-bx] ©6bd? e °"¢ ExpIntegralfi[-® C;dx ]
- + - +
(bc-ad) (c+dx) b (c+dx)? (bc-ad)* (bc-ad)*

bc bc bc
6bde ™ ¢ ExpIntegralEi|- b—“;—dx)—} 3be ® ¢ ExpIntegralEi |- b—“;—dx)—} be * ¢ ExpIntegralEi|- b—(c;—dx)—}
- +

(bc-ad)? (bc-ad)? d(bc-ad)

Result (type 8, 17 leaves):
JEprntegr‘alE [-2, a+bx]
(C +d X) 2

dx

Problem 114: Unable to integrate problem.

JEprntegr‘alE [-2, a+bx]
X

<C+dx)3

Optimal (type 4, 609 leaves, 20 steps):

3d? e abx 3de@bx 4.d? e bx deabx 6d% e b 2debx
b2 (bc-ad) (c+dx)4+b2 (a+bx) <c+dx)4+b(bc—ad)z(c+dx)3_b(bc—ad) (c+o|x)3+ (bc-ad)? (c+dx)2_ (bc—ad)z(c+dx)2+
e bx 12b d? e @b 6bde?Px 2be@bx beabx ExpIntegralE[-1, a+b x]
2(bc-ad) (c+dx)? (bc-ad)®(crdx) (bc-ad)® (cedx) (bc-ad)?(cedx] 2d(bc-ad) (cedx] b (c+dx)? )

bc
bgc;ﬂq 12b>de * ¢ ExpIntegralfi[- BLedx) |

bc
aibe .
12 b2 d? ExpIntegralEi[-a-bx] 12 b>d?e ™ ¢ ExpIntegralki [’ q
, N _

(bc—ad)S (bc—ad)S (bc—ad)4

bc bc o
6b%e * ¢ ExpIntegralkil- b_(ctsﬂL] 2b%e ®" ¢ ExpIntegralEi|- M%L] b?e *" ¢ ExpIntegralEi|- ° c;dx ]

+ —

(bc—ad)3 d(bc—ad)2 2d? (bc-ad)

Result (type 8, 17 leaves):
JEprntegr‘alE [-2, a+bx]
(c+dx) 3

dx
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Problem 120: Unable to integrate problem.

ExpIntegralE[-3, a+ b Xx]
J dx

c+dx

Optimal (type 4, 453 leaves, 16 steps):

2d3 e 2bx 2d2eabx 3d3 e abx d? e @bx
b3 (bc-ad) (c+dx)® b (asbx) (c+dx)® b? (bc-ad)?(csdx)? b2 (bc-ad) (cedx]?
6d3 eabx 3d2e@bx deabx ExpIntegralE[-2, a + b Xx]
b(bc—ad)3(c+dx)+b(bc—ad)2(c+dx)7b(bC—ad) (C+dX)7 b (c+dx) '

bc
—a+— . b (c+d
d ExpIntegralE[-1, a+bx] 6d3ExpIntegralEi[-a-bx] © d®e*"v ExpIntegralfi|- Cd l

+ —

b2 (c+dx)? (bc-ad)* (bc-ad)*

bc bc bc
6d2 e * ¢ ExpIntegralEi|- b_(c;&)_] 3de ® ¢ ExpIntegralEi|- bJC;&)—] e "¢ ExpIntegralki|- b—(c;—dx)—}

+ —

(bcfad)3 (bcfad)2 bc-ad

Result (type 8, 17 leaves):
JEprntegr‘alE [-3, a+bx]

X
c+dx

Problem 121: Unable to integrate problem.

ExpIntegralE[-3, a +bx]
J dx

<c+dx)2

Optimal (type 4, 621 leaves, 21 steps):



6d3 e?bx 6d% e bx 8d3 e abx 2d? eabx
b (bc-ad) (c+dx)47b3 (a+bx) (c+dx)47b2 (bc—ad)z(c+dx)3+b2 (bc-ad) (c+dx)37
12 d3 e @bx 4 d? eabx d e 3bx 24 d3 e @bx 12 d? e @bx
b(bc-ad)’ (c+dx)2+b(bc—ad)2 (c+dx)2_b(bc—ad> (c+dx>2_ (bc-ad)* (c+dx) ' (bc-ad)? (c+dx) .
4de2bx e abx ExpIntegralE[-2, a+bx] 2dExpIntegralE[-1, a+b x]
(bc-ad)? (codx) (bc-ad) (crdx) b (cdx)? ) b2 (c+dx)? _

bc bc
3 A . b (c+dx) 2 —ar— . b (c+dx
24 b d? ExpIntegralEi[-a - b x] . 24bd>e ° « Eprntegr‘alEl[— p ] ) 24bd*e ° « Eprntegr‘alEl[— p ] .

(bc—ad)5 (bc—ad)5 (bc—ad)4

bc bc bc
12bde "¢ ExpIntegralfi|- Mcgﬂ)—] 4be ® ¢ ExpIntegralEi|- MC;&)—] be ® ¢ ExpIntegralEi|- gc;&)_]
- +

(bc-ad)? (bc-ad)? d(bc-ad)

Result (type 8, 17 leaves):
JEprntegr'alE [-3, a+bx]
(c+dx) 2

X

Problem 182: Unable to integrate problem.

Jebx ExpIntegralEi[b x]
X

x3

Optimal (type 4, 82leaves, 10 steps):

e?P*  be?®X e"XExpIntegralEi[bx] be*ExpIntegralEi[bx] 1 . , , .
- - - - + — b” ExpIntegralEi[b x]“ + 2 b ExpIntegralEi[2b x]
4 x? X 2 x? 2 X 4

Result (type 8, 15leaves):

e’ X ExpIntegralEi[b x]
J dx

x3

Problem 183: Unable to integrate problem.

e? X ExpIntegralEi[b x]
j dx

X2

Optimal (type 4, 45leaves, 5steps):

e?bx  ebXExpIntegralEi[bx] 1 . 5 .
- - + — b ExpIntegralEi[bx]“ +2b ExpIntegralEi[2b x]
2

X X

8 Special functions.nb
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Result (type 8, 15leaves):

e® X ExpIntegralEi[b x]
J dx

x2

Test results for the 136 problems in "8.4 Trig integral functions.m"

Problem 6: Unable to integrate problem.

SinIntegral[b x]
J dx

X

Optimal (type 5, 43 leaves, 1step):

1 1

— b x HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -1 bx] + — b xHypergeometricPFQ[{1, 1, 1}, {2, 2, 2}, 1 bX]
2 2

Result (type 8, 10 leaves):
JSinIntegr‘al [bx]

dx
X

Problem 39: Unable to integrate problem.

Sin[b x] SinIntegral[b x]
J dx

x3

Optimal (type 4, 96 leaves, 14 steps):
b Cos[bx] Sin[b x] ) Sin[b x]? ) bSin[2b x]

2% 4 x? 4 x
b Cos[b x] SinIntegral[b x Sin[b x] SinIntegral[b x 1
o] grallbx] [ox] grallbx] - —b?SinIntegral[bx]?

2 X 2 x2 4

b% CosIntegral[2b x] -

Result (type 8, 14 leaves):
Jsin [bx] SinIntegral[b x] dx

x3

Problem 41: Unable to integrate problem.

Sin[b x] SinIntegral[b x]
J dx

X



Optimal (type 4, 10leaves, 1step):

1
= SinIntegral[bx]?
2

Result (type 9, 26 leaves):
Sin[bx] SinIntegral[b x]2

2bxSinc[b x]

Problem 47: Unable to integrate problem.

JCos [bx] SinIntegral[b x]
2

dx
X

Optimal (type 4, 44 leaves, 7 steps):

Sin[2bx] Cos[bx] SinIntegral[bx] 1 . )
b CosIntegral[2bx] - - - —bSinIntegral[bx]
2 X X 2

Result (type 8, 14 leaves):
JCos[b x] SinIntegral [b x] dx

X2

Problem 63: Result unnecessarily involves imaginary or complex numbers.

Jx Sin[a + b x] SinIntegral[c +dx] dx

Optimal (type 4, 371 leaves, 24 steps):
Cos[a-c+ (b-d) x| Cos[a+c+ (b+d)Xx] Cos|a- bjc] COSIntegr‘al[gZ;dLJr (b-d) x|
2b (b-d) 2b (b+d) 2 b?

+

Cos[a - bd—c] CosIntegr‘al[c—(t;;d)— + (b+d) x| ) cCosIntegr‘al[c—(%)— +(b-d) x| sin|a- bd—c]

8 Special functions.nb | 63

cCosIntegr‘al[c—“;;d)— + (b+d) x] sin[a- bd—c]

2 b? 2bd
cCos|a- b(TC] SinIntegr‘al[gt"j;dLJr (b-d) x| sin[a- b(Tc] SinIntegr‘al[gZ’—dL +(b-d) x|

+

x Cos[a+bx] SinIntegraljc +d x]

+

2bd 2 b2

+

Sin[a+bx] SinIntegral[c +d x] cCos|a- bd—c} SinIntegr‘al[ﬂZ;d)—+ (b+d) x] sin[a- %] SinIntegr‘al[uZ;d)—+ (b+d) x]

b2 2bd

Result (type 4, 345leaves):
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1 . e 1(bvd)x  oi (2a+bx-dx)
e—]l (a+c) bd |- + _
4b2d [ b+d b-d ]
¢ (over(2anc) o i (b-d d i (b+d d
i (bc—id) e# Eprntegr‘alEi[ . < >d<c+ X> ] + (—]'lbc+d> e (db . EXPIntegr‘alEi[f ! ( * )d<c+ X) } N
) -1 (b-d) i (2a+(b+d) x) ic (b i (b-d d
! et (@9 [bd = i ” ] +i (bc+id) e% ExpIntegralEi|- il ) (c+dx] ]+
4b%2d b-d b+d d
(ibcd) G_MEprntegr‘alEi[i (b+d) (c+dx) 1) (bxCos[a+bx] -Sin[a+bx]) SinIntegral[c +dx]

d

b2

Problem 64: Result unnecessarily involves imaginary or complex numbers.

Jsin [a+bx] SinIntegraljc +dx] dx

Optimal (type 4, 154 leaves, 9 steps):

) CosIn‘cegr‘al[gl;;dLJr (b-d) x] sin|a- b(TC] ) CosIntegr‘al[ﬂZ;dL +(b+d) x| Sinfa- bd—c] 7

2b 2b
Cos[a - bf] SinIntegr‘al[gbd;dL+ (b-d) x|

b . (bed)
Cos[a+bx] SinIntegral[c +dx] Cos|[a- dc] SinIntegral | R (b+d) x]
- +

2b b 2b

Result (type 4, 168 leaves):

i(bcea ibe 1 (b-d d 1 (b-d d
ib]'l e > . —e% Eprntegr‘alEi[— - ( )d<c+ X) } +e2ta Eprntegr‘alEi[]l ( )d(c+ X) } +
4

i (b+d d i (b+d d
eTbEprntegr‘alEi[—l( ’ )d<c+ X)}_ena Eprntegr‘alEi[l( - )d(c+ x)

i(bc+ad)
| +4ie « Cos[a+bx] SinIntegral[c+dx]

Problem 66: Result unnecessarily involves imaginary or complex numbers.

Jx Cos[a+bx] SinIntegral[c +dx] dx

Optimal (type 4, 370leaves, 24 steps):
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cCos|a- b(ﬂ CosIntegr‘al{ﬂt;;dL +(b-d)x] cCos[a- bdfc} CosIntegr‘al[ﬂ%L+ (b+d) x]

- +

2bd 2bd
CosIntegr‘al[ut;;d)—Jr (b-d) x| sin|a- bd—c] ) CosIntegr‘al[c—(Z;d)—+ (b+d) x| sin[a- bd—c] ) sinfa-c+ (b-d)x] ) sinfa+c+ (b+d)x]
22 22 2b (b-d) 2b (b +d]
Cos|a- b(Tc] SinIntegr‘al[gl;;dLJr (b-d) x| ) cSinfa- b(TC] SinIn‘cegr‘al[gi’j’—dL4r (b-d) x| ) Cos[a+bx] SinIntegral[c +dx] )
2b? 2bd b?

x Sin[a+bx] SinIntegral[c +d x] Cos|a- bd—c} SinIntegr‘al[gZ;d)—Jr (b+d) x| csin|a- bd—c] SinIntegr‘al[uZ;dLJr (b+d) x|

- +

b 2 b? 2bd

Result (type 4, 343 leaves):

1 ) ef]'L (b+d) x e]'l (2a+ (b-d) x)
- e 1 (axc) [—Ji bd + ) +
4b%d b+d b-d
i(-becr(2a+c) d| 1 b_d d i c (b+d) i b d d
(-bc+id)e — Eprntegr‘alEi[]l ( >d(c+ J |+ (bc+id)e 7 ExpIntegralEi|- i(br >d(c+ J 1+
-i (b-d) 1 (2a+(b+d) x) ic(be 1 b-d d
! et (a-c) [jbd c X+e i ’ )+(bc+1‘1d)e . Eprntegr‘alEi[—]l< ) fe- X>]+
4b%d b-d b+d d
(Cberid) e“a’“(dw Eprntegr‘alEi[j (b+d)d(c+dx) 1. (Cosfa+bx] +bein[a+t:x]) SinIntegral[c +d x]
b
Problem 67: Result unnecessarily involves imaginary or complex numbers.
JCos [a+bx] SinIntegral[c +dx] dx
Optimal (type 4, 153 leaves, 9 steps):
) Cos[a - bd—‘] CosIntegr‘al[uZ;d)— +(b-d) x| ) Cos|[a- bd—c} CosIntegral[c—(Z;d)— +(b+d) x| )
2b 2b
Sin|a- bd—c] SinIntegr‘al[uZ;d)—+ (b-d) x| ) sinfa+bx] SinIntegral[c+dx] Sin|a- bd—c] SinIntegr‘al[uZ;d)—+ (b+d) x|
2b b 2b
Result (type 4, 164 leaves):
i (bcra 2ibe i (b-d d i (b-d d
ibe’ e e a ExpIntegralEi|- L >d<c +dx) | - e?**?ExpIntegralEi| i )d<c+ d |+
4

2ibc Ji(b+d) (c+dx)
e ¢« ExpIntegralfil[-

i(bc+ad)

| +4e ¢ Sin[a+bx] SinIntegral(c +dx]

. i (b+d d
y }+e2”Eprntegr‘alEi[l( . )d(c+ )
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Problem 108: Unable to integrate problem.

dx

JCosIntegr‘al [bx] Sin[b x]
2

X

Optimal (type 4, 44 leaves, 7 steps):
CosIntegral[bx] Sin[bx] Sin[2b x]

1
= b CosIntegral[bx]?+bCosIntegral[2bx] -
2 X 2 X

Result (type 8, 14 leaves):
JCosIntegr‘al[b X] Sin[b x] dx

x2

Problem 114: Unable to integrate problem.

Cos [b x] CosIntegral[b x]
j dx

x3

Optimal (type 4, 97 leaves, 14 steps):
2
B Cos[bx] B Cos[b x] CosIntegral[bx] B 1 b? CosIntegral [bx]? -
4 x? 2 x? 4
b Cos[bx] Sin[bx] bCosIntegral[bx] Sin[bx] bSin[2bx]
+

+

2Xx 2 X 4 x

b% CosIntegral[2bx] +

Result (type 8, 14 leaves):
JCos[b x] CosIntegral[b x] dx

x3

Problem 131: Result unnecessarily involves imaginary or complex numbers.

JX CosIntegralc +dx] Sin[a+bx] dx

Optimal (type 4, 371 leaves, 24 steps):
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be c (b-d)
cCos|a- dc] CosIntegrall € PR (b-d) x] x Cos[a+bx] CosIntegral[c+dx]

i 2bd b
cCos|a- b(TC] CosIntegr‘al[gZﬂL+ (b+d) x] CosIntegr‘al[gi’j’—dL +(b-d) x] sinfa- b(Tc] CosIntegr‘al[gZﬂL+ (b+d) x| sin[a- bcﬂ

+

2bd i 2b2 2b?
CosIntegral[c+dx] Sinfa+bx] Sin[a-c+ (b-d)x| Sin[a+c+ (b+d)x] Cos|[a - b(Tc] SinIntegrall < Zﬁd + (b-d) x|
+ + - +
b? 2b (b-d) 2b (b+d) 2 b2
cSinfa- bd—c] SinIntegr‘al[gZ;d)—Jr (b-d) x| ) Cos[a - bd—c] SinIntegr‘al[c—(%)— +(b+d) x| ) cSin|a- bd—c} SinIntegr‘al[c—(Z;d)— +(b+d) x|
2bd 2 b2 2bd
Result (type 4, 332leaves):
) 1 e—]i (asc) [_j bd e—J‘L (b+d) x . e]i (2 c-bx+dx) ] N
4b%d b+d b-d
ic (bs i (b-d d ic(bs i (b+d d
(bc+id)e e ExpIntegralEi|- i >d(c+ J |+ (bc+id)e 7 ExpIntegralEi|- i(b+ >d(c+ x) ]| -
i (b-d) i (2c+ (b+d) x) ic(o i (b-d d
! et (39 [J’lbd c X+e i ’ J+(bc1‘1d) e e Eprntegr‘alEi[l( ) (e X>]+
4b%d b-d b+d d
be-id) il Eprntegr‘alEi[j (b+d)d(c+dx) 1) CosIntegral[c +dx] (bxczos[a+bx} -Sinfa+bx])
b

Problem 132: Result unnecessarily involves imaginary or complex numbers.

JCosIntegr‘al [c+dx] Sin[a+bx] dx

Optimal (type 4, 154 leaves, 9 steps):
Cos|a - bd_c} CosIntegral Zﬁd +(b-d) x] Cos[a+bx] CosIntegral[c +dx]

+

2b b
Cos[a - bd—c] CosIntegr‘al[uZ;d)—+ (b+d) x| sin[a- bd—c} SinIntegr‘al[c—(Z;d)— +(b-d) x] sinf[a- bd—c] SinIntegr‘al[uz;d)—Jr (b+d) x|

2b 2b 2b

Result (type 4, 144 leaves):
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4b

-4 Cos[a+bx] CosIntegral[c+dx] +

i (b-d d i (b+d d
1 ) (c+dx) | + ExpIntegralki|- i(b+d) (cvdx)
d d

i (b-d d i (b+d d
i >d(c+ X>]+Eprntegr‘a1Ei[l< . >d(c+ X)

ExpIntegralki|-

ExpIntegralEi|

]

Problem 134: Result unnecessarily involves imaginary or complex numbers.

Jx Cos[a+bx] CosIntegral[c+dx] dx

Optimal (type 4, 370leaves, 24 steps):

Cos[a-c+ (b-d) x| Cos[a+c+ (b+d)Xx] Cos[afz—c]CosIntegral[g?LJr(bfd)x}

2b (b-d) " 2b(b-d . 2b? ’
Cos[a+bx] CosIntegral(c +dx] Cos|a- bd—c] CosIntegr‘al[uz;d)—+ (b+d) x| cCosIntegr‘al[g';;d)—+ (b-d) x] sin[a- bd—c]
- + +
b? 2 b? 2bd
cCosIntegr‘al[gt(’deLJr (b+d) x] sin[a- b(TC] x CosIntegral[c +dx] Sin[a+b x] cCos|a- bdfc} SinInte,«gr‘al[gZ;dLJr (b-d) x|
+ + +
2bd b 2bd
Sin|a- b(Tc] SinIntegr‘al[gbd;dL+ (b-d) x| ) cCos|a- b(TC] SinIntegr‘al[gZ*—dL +(b+d) x| ) Sin[a- %} SinIntegr‘al[g%LJr (b+d) x|
2b? 2bd 2 b?

Result (type 4, 347 leaves):
1
4b%d

et

+

b+d b-d
i (-bcr(2arc i (b-d d . (b d d
(-bc+id)e e ExpIntegralki| i )d<c+ d |+ (bc+id)e . ExpIntegralEi|- i (b )d<c+ d e

@1 (b-d)x i (2a+(b+d) X) J ic(ba) i(b-d} (c+dx)

) b+d) x e]‘l (2a+(b-d) x)
i et (@) [J‘Lbd ] +

1
4b2d

(
+ +(bc+id)e « ExpIntegralki[- +
b-d b+d d

CosIntegral[c+dx] (Cos[a+bx]+bxSin[a+bx])
b2

iet(@o (_j bd

i(b+d) (c+dx)
d

(-bc+id) 2ty ExpIntegralki|

]

+

Problem 135: Result unnecessarily involves imaginary or complex numbers.

JCos [a+bx] CosIntegralic +dx] dx
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Optimal (type 4, 153 leaves, 9 steps):

) CosIntegr‘al[uZ;d)— +(b-d) x| sin[a- bd—c] ) CosIntegr‘al[c—‘Z;d)— +(b+d) x| Sin|a- bd—c] )

2b 2b
CosIntegral(c +dx] Sin[a +b x] Cos|a- bd—c] SinIntegr‘al[ﬂk;;d)—+ (b-d) x] cCos|a- bd—“] SinIntegr‘al[c—(t;;d)— + (b+d) x|

b 2b 2b

Result (type 4, 153 leaves):

2ibe i(b-d) (c+dx)

1 2ibe
-e « ExpIntegralfil[-

4b

i (bcead)
1e d

i (b-d d
y | +e?*?ExpIntegralEi| il >d<c +dx) ] -

1 (b+d d
p }+e“aEprntegr‘alEi[l( ’ )d<c+ )

2ibc j<b+d) <c+dx)
e d Eprntegr‘alEi[—

] +4 CosIntegralc +dx] Sin[a+b x]

Test results for the 136 problems in "8.5 Hyperbolic integral functions.m"

Problem 6: Unable to integrate problem.

SinhIntegral[b x]
J dx

X

Optimal (type 5, 38leaves, 1 step):

l b x HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -bx] + lbeyper‘geometr‘icPFQ[{1, 1, 13, {2, 2, 2}, bx]
2 2

Result (type 8, 10leaves):
JSinhIntegr‘al [bx] dx

X

Problem 39: Unable to integrate problem.

JSinh [bx] SinhIntegral[b x] q
X

x3

Optimal (type 4, 96 leaves, 14 steps):
b Cosh[bx] Sinh[bx] Sinh[bx]? bSinh[2bx]

2 x 4 x2 4 x
b Cosh[b x] SinhIntegral[bx] Sinh[bx] SinhIntegral(bx] 1 , . )
- + — b” SinhIntegral [b x]

2 X 2 x? 4

b? CoshIntegral[2bx] -
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Result (type 8, 14 leaves):
Jsinh [bx] SinhIntegral[b x]
3

dx
X

Problem 47: Unable to integrate problem.

dx

JCosh [bx] SinhIntegral[b x]
2

X

Optimal (type 4, 44 leaves, 7 steps):
Sinh[2bx] Cosh[bx] SinhIntegral[b x]

1
+ — bSinhIntegral[bx]?
2 X X 2

b CoshIntegral[2bx] -

Result (type 8, 14 leaves):

JCosh [bx] SinhIntegral[b x]
2

dx
X

Problem 63: Result more than twice size of optimal antiderivative.

JX Sinh[a + b x] SinhIntegral[c +d x] dx

Optimal (type 4, 371 leaves, 24 steps):

Cosh[a-c+ (b-d) x] Cosh[a+c+ (b+d) x| Cosh[a - bd—c] CoshIntegr‘al{ﬂZ;d)—+ (b-d) x] Cosh|a- bd—c} CoshIntegr‘al{uZ;d)—+ (b+d) x]
_ _ . _

2b(bfd) 2b(b+d) 2 b2 2 b2

cCoshIntegr‘al[c—(%)— + (b-d) x| Sinh[a- bd—c} c CoshIntegr‘al[c—(Z;d)— + (b+d) x| Sinh[a- bd—c}
. _

2bd 2bd

c Cosh[a- bd—c} SinhIntegral | <= Z’d +(b-d) x] ) Sinh|a- bd—c} SinhIntegral [ <®-- Z’d + (b-d) x] ) x Cosh[a +bx] SinhIntegral[c+dx]

2bd 2 b2 b
Sinh[a+bx] SinhIntegral[c +d x] ) cCosh[a- b(Tc] SinhIntegr‘al[gk:—dL + (b+d) x] ) Sinh|a - bd—c] SinhIntegral[ﬂ%L+ (b+d) x|
b2 2bd 2 b?

Result (type 4, 887 leaves):



1
4b2 (b-d)d (b+d)

2bd?Cosh|a+c+ (b+d) x| -2 (b®-d?) CoshIntegral|-

(b+d) (C+dx)
d

2 (b*-d?) CoshIntegral|

(b-d) (c+dx)

d

}

2b*dCosh[a-c+bx-dx] +2bd*Cosh[a-c+bx-dx]-2b’dCosh[a+c+ (b+d) x|+

bc . bc
dCosh[a77] +bcsinhja- —] |+

d
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bc . bc 3 .
| |dcosh|a- —] +bc51nh{a——]] +4b3>dxCosh[a+bx] SinhIntegral[c+dx] -
d d

4bd?xCosh[a+bx] SinhIntegral[c+dx] -4b?dSinh[a+bx] SinhIntegral[c+dx] +4d?Sinh[a+bx] SinhIntegral[c+dx] -

b-d d b-d d
b® ¢ Cosh|a - b(Tc] SinhIntegral| ( ) jc +dx) ] -b2d Cosh|a- bdic} SinhIntegral | ( ) sc +dx) .
bc (b-d) (c+dx) bc (b-d) (c+dx)
bcd?Cosh[a- 7} SinhIntegral| y | +d®Cosh[a - —| SinhIntegral| y | -
b-d d b-d d
b® c sinh [a - b*c] SinhIntegral| b-d) jc ) ] -b?dsinh[a- b(TC} SinhIntegral | ool jc ) ]+
b-d d b-d d
bcd?Sinh[a- bd_c} SinhIntegral| (b-d) sc +dx) | +d®sinh[a- bd_c} SinhIntegral| (b-d) sc +dx) |+
b+d d b+d d
2b%cCosh[a- bdic} SinhIntegral| (b+d) jc +dx) | -2bcd?cCosh|a- b(TC] SinhIntegral | (b+d) G(l“ X)
b+d d b+d d
2b*dsinh[a- bd_c} SinhIntegral| (-9 sc +dx) | -2d*sinh[a- bd—c} SinhIntegral| (b+d) jc +dx] |+
bc . bc bc . bc
b* c Cosh|a - T] SinhIntegral|c - o bx+dx| -b®dCosh[a- 7} SinhIntegral|c - o bx+dx] -
bc . bc bc . bc
bcd?Cosh[a- —] SinhIntegral[c- — -bx+dx| +d®Cosh[a- — ] SinhIntegral|c - o bx+dx] -

3 . bc . bc . bc . bc
b c51nh[a— 7] SlnhIntegr‘al[c— ?—bx+dx} +b2d51nh[a— 7} SlnhIntegr‘al[c— ?—bx+dx] +

. bc, . bc . bc . bc
bcd?Sinh[a- 7} SinhIntegral|c - o bx+dx| -d*Sinh|a- 7} SinhIntegral|c - o bx+dx|

Problem 66: Result more than twice size of optimal antiderivative.

jx Cosh[a + b x] SinhIntegral(c +dx] dx

Optimal (type 4, 371 leaves, 24 steps):

|+
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) c Cosh[a- bdfc} CoshIntegr‘al[gz;dL+ (b-d) x| ) c Cosh[a- b(ﬂ CoshIntegr‘al[gZﬂL+ (b+d) x] )

2bd 2bd

CoshIntegr‘al[c—(Z;d)—+ (b-d) x| Sinh|a- bd—c} CoshIntegr‘al[ﬂzﬂ)—Jr (b+d) x| Sinh[a- bd—c] sinh[a-c+ (b-d) x] sinh[a+c+ (b+d) x]
. _

207 27 " 2b(b-aq) 2b (b +d)

Cosh[a - b(ﬂ SinhIntegr‘al[gZ;dL+ (b-d) x] ) cSinh|a- b(ﬂ SinhIntegr‘al[gZ;dL+ (b-d) x]  Cosh[a+bx] SinhIntegral[c+dx] )

2 b? 2bd b2

x Sinh[a +bx] SinhIntegral[c +d x] Cosh|a- bd—c] SinhIntegr‘al[c—(Z;d)— +(b+d) x] cSinh[a- bd—c] SinhIntegr‘al[c—(Z;d)— +(b+d) x|

+ +

b 2 b? 2bd

Result (type 4, 887 leaves):

b-d d
1 -2 (bZ_d2> COShIntegral[_ < ) <C+ X)
4b% (b-d)d (b+d) y

(b+d) (c+dx)
d
2bd?Sinh[a-c+bx-dx] -2b*dSinh[a+c+ (b+d) x| +2bd*Sinh[a+c+ (b+d) x| -4b*dCosh[a+bx] SinhIntegral[c+dx] +
4 d3 Cosh[a+bx] SinhIntegral[c+dx] +4b3>dxSinh[a+bx] SinhIntegral[c+dx] -4bd?®xSinh[a+bx] SinhIntegral[c+dx] -
(b-d) (c+dx) (b-d) <c+dx)}

.

] (bccosh[a_:i} +dsinh[a_:i} .

2 (b? - d?) CoshIntegral| ] bcCosh[a—bd—c] +dSinh[afbd—c]] +2b?dSinh[a-c+bx-dx] +

b® ¢ Cosh|a - bi] SinhIntegral| | -b?dCosh[a- b—c} SinhIntegral|

d d
b-d d b-d d
b c d” Cosh[a - bd_c} SinhIntegral| < ) sc +dx) ] +d*cosh[a - b—c} SinhIntegral| < ) sc + dx) ] -
b-d d b-d d
b® c sinh [a - bic] SinhIntegral| ) (jc ) | -b2dsinh[a- bfc} SinhIntegral| < ) (gc L |+
b-d d b-d d
bcd?sinh[a- bd_c} SinhIntegral| < ) sc +dx) ] +d*sinh[a- bd—c} SinhIntegral| < ) (ic +dx] ]+
b+d d b+d d
ZbZdCOSh[a7 bic} SinhIntegr‘al[ : ) (jc : X> } -2d° Cosh[a* bic} SinhIntegr'al[ ( : ) (ic+ X) } +
b+d d b d d
2b’csinhfa- bd—c} SinhIntegral| (-9 ju d ] -2bcd?Sinh[a- bd—c] SinhIntegral (b+d) (5“ x) ] -
LAY bc bc, _. bc
b® ¢ Cosh|a - T] SinhIntegral|c - o bx+dx] +b2dCosh|a- 7} SinhIntegral|c - o bx+dx] +
A PY bc be, .. bc
b ¢ d? Cosh[af 7} SlnhIntegr‘al[c— T—bx+dx} _d3 Cosh[af 7} SlnhIntegr'al[c ~ ? B bx+dx] .
. bc . bc ] b c ‘ bc
b* cSinh[a- —| SinhIntegral|c - o bx+dx]| -b*dSinh[a- —| SinhIntegral|c - o bx+dx] -
. bc . bc . b c . bc
bcd?Sinh[a- 7} SinhIntegral|c - o bx+dx] +d®Sinh[a- 7} SinhIntegral [c - =5 bx+ dx]



Problem 74: Unable to integrate problem.

CoshIntegral[b x]
J dx

X

Optimal (type 5, 52 leaves, 1 step):
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1 1 1
- =~ b xHypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -bx] + — b xHypergeometricPFQ[{1, 1, 1}, {2, 2, 2}, bx] + EulerGamma Log[x] + — Log[b x]?
2 2 2

Result (type 8, 10leaves):
JCoshIntegr‘al[b X] dx

X

Problem 107: Unable to integrate problem.

JCosh [bx] CoshIntegral[b x] q
X

x3

Optimal (type 4, 96 leaves, 14 steps):
2
B Cosh[b x] B Cosh[b x] CoshIntegral[b x] N 1 b2 CoshIntegral [bx]2 -
4 x? 2 x? 4

b? CoshIntegral([2b x] -
2 X 2 X 4 x

Result (type 8, 14 leaves):
JCosh [bx] CoshIntegral[b x]

dx

X3

Problem 115: Unable to integrate problem.

X

JCoshIntegr‘al [bx] Sinh[b x]
2

X

Optimal (type 4, 44 leaves, 7 steps):
CoshIntegral[bx] Sinh[bx] Sinh[2bx]

b Cosh[bx] Sinh[bx] b CoshIntegral[bx] Sinh[bx] bSinh[2b x]

1
~ b CoshIntegral[bx]?+bCoshIntegral[2bx] -
2 X 2 X

Result (type 8, 14 leaves):
jCoshIntegr‘al [bx] Sinh[b x]

dx

X2
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Problem 131: Result more than twice size of optimal antiderivative.

Jx CoshIntegraljc +dx] Sinh[a + b x] dx

Optimal (type 4, 371 leaves, 24 steps):

cCosh|a- b(TC] CoshIntegr‘al[gt’j’—dL + (b-d) x| ) x Cosh[a + b x] CoshIntegral[c +d x] ) cCosh|a- bdfc} CoshIntegr‘al[gZﬂL+ (b+d) x] )
2bd b 2bd
CoshIntegr‘al[ﬂ:l;dL + (b-d) x| Sinh[a- b(TC] CoshIntegr‘al{gZﬂL+ (b+d) x] sinh[a- %‘] CoshIntegral[c +d x] Sinh[a+ b x]
2 b2 i 2 b2 ) b2 .
Sinh[a-c+ (b-d) x| Sinh[a+c+ (b+d) x| Cosh[a-2¢]sinhIntegral[ <%=+ (b-d) x]
2b (b-d) . 2b (b+d) ' 2b? '

cSinh[a- 2¢] SsinhIntegral| <=4, (b-d) x| Cosh[a- 2¢] SinhIntegral|<®*: , (b+d) x| cSinh[a- 2] SinhIntegral| <™ . (b+d) x
[ d d d d d d

+ +

2bd 2 b? 2bd

Result (type 4, 916 leaves):



1
4b2 (b-d)d (b+d)

bc
2b%cCosh[a- 7] CoshIntegral|

(b+d) (c+dx)
d

2bcd?Cosh|a- bd_c} CoshIntegral|

(b+d) (C+dx)
d

2 d° CoshIntegral |

(b+d) (c+dx)

d

] -

| +2b?d CoshIntegral |

| sinh[a- b(TC] +2 (b* - d?) CoshIntegral|-

(b+d) (c+dx)

[b-a)

<c+dx)

d

4d (b*-d*) CoshIntegral[c+dx] (bxCosh[a+bx]-Sinh[a+bx])-2b*>dSinh[a-c+bx-dx] -
2bd?Sinh[a-c+bx-dx] -2b*dSinh[a+c+ (b+d) x] +2bd*Sinh[a+c+ (b+d) x| +

b-d d b-d d
b? ¢ Coshla - bcTc] SinhIntegral| ( > jc +dx) | +b?dCosh[a- bd—c} SinhIntegral| ( ) jc +dx) ] -
b-d d b-d d
bc d* Cosh [a - bd_C} SinhIntegral | | ) (gc +dx) | - d®cosh[a- bd_c} SinhIntegral| < ) sc +dx) |+
b-d d b-d d
b® c sinh [a - b(Tc] SinhIntegral| ( > jc rdx) | +b2dsinh[a- bd—c} SinhIntegral| < ) (ic + dx) ] -
b-d d b-d d
bcd?Sinh[a- bd_c} SinhIntegral| ) sc +dx) ] -d?sinh[a- b_c} SinhIntegral | ( ) (gc +dx) .
b+d d b+d d
2b?dCosh[a- bdic} SinhIntegral| (b+d) jc +dx) | -2d*cosh|a- bdic} SinhIntegral | (b+d) §C+ X)
b+d d b+d d
2b3cSinh[a- bd_c} SinhIntegral| (b+d) c<lc +dx) | -2bcd?sinh|a- bd_c] SinhIntegral| (b+d) (5c+ X)
3 bc . bc C
b* c Cosh[a- —] SinhIntegral[c- — -b
d d d
c

bc, . bc bc .
bcd?Cosh[a- — | SinhIntegral]c - o bx+dx] +d®Cosh|a- ?} SinhIntegral|c -

} +

bc . b
x +d x| —bZdCosh[a—T} SinhIntegral[c- — -bx+dXx] -
b

—bx+dx] -
d

3 i bc . bc . bc . bc
b c51nh[a— 7] SlnhIntegr‘al[c— ?—bx+dx} +b2d51nh[a— 7} SlnhIntegr‘al[c— f—bx+dx] +

d

d

d

. bc, . bc . bc . bc
bcd?Sinh[a- — | SinhIntegral|c - o bx+dx| -d®Sinh[a- —| SinhIntegral|c - o bx+dx|

d

d

Problem 134: Result more than twice size of optimal antiderivative.

jx Cosh[a + b x] CoshIntegralc +dx] dx

Optimal (type 4, 371 leaves, 24 steps):

. bc
}Slnh[a—T] -

|+
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bcCosh|a- — | +dSinhja- — || +
bdc bdc



76 | 8 Special functions.nb

Coshla-c+ (b-d) x| Cosh[a+c+ (b+d) x| Cosh|a - b(TC] CoshIntegr‘al[g%LJr (b-d) x]

2b (b-d) 2b (b+d) ' 2 b2 i
Cosh[a+ b x] CoshIntegral([c +d x] Cosh|a- bd—c] CoshIntegral[c—(Zﬂ)— +(b+d) x| cCoshIntegr‘al[uZ;d)— + (b-d) x| Sinh[a- bd—c}
+ + +
b? 2 b? 2bd
cCoshIntegr‘al[gT—dL + (b+d) x| Sinh[a - %} x CoshIntegral[c +d x] Sinh[a+ b x] c Cosh[a- bd—c] SinhIntegral[ﬂZ’—dL +(b-d) x|
+ + +
2bd b 2bd
Sinh|a - bdfc} S.inhIntegr‘al[gl;;‘uJr (b-d) x| ) c Cosh[a- bdfc} SinhIntegr‘al[gl’deLJr (b+d) x| ) Sinh[a- b(TC] SinhIntegr‘al[gT—dL + (b+d) x|
2 b? 2bd 2 b2

Result (type 4, 916 leaves):
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1
4b2 (b-d)d (b+d)

-2b%dCosh[a-c+bx-dx] -2bd?Cosh[a-c+bx-dx] -

(b+d) (c+dx)

2b*>dCosh|a+c+ (b+d) x| +2bd?Cosh[a+c+ (b+d) x] +2b2dCosh[afbd—c} CoshIntegral|

] _

- q b+d d
(b« >§c+ X>]+2b3cC05hIntegr‘al[< + >£C+ X>]sinh[a—bdc}‘

b-d d
( ) e+ X)} dCosh[afbd—c]ercSinh[afz—c] +

bc
2d’ Cosh|a- T] CoshIntegral|

b+d d
(b+d) jc’“ x) | sinh[a - bd_c} +2 (b - d?) CoshIntegral|- p

4d (b*- d?) CoshIntegral[c+dx] (-Cosh[a+bx] +bxSinh[a+bx]) +

b-d d b-d d
( ) (c+dx] | +b?dCosh[a- b—c} SinhIntegral| ( ) (c+dx)
d d d

(

b-d d b-d d
< ) (c+dx] | - d®cosh[a- bic} SinhIntegral| ( ) (c+dx]
d d d
(

(b-d) (c+dx) (b-d) (c+dx)

2b c d? CoshIntegral |

bc
b® c Cosh|a - — | SinhIntegral|

] -
|+
] -

bcd?Cosh[a- bic} SinhIntegral
gral|

bc
b® ¢ Sinh[a- —| SinhIntegral|

| +b2dSsinh[a- bd_c} SinhIntegral|

d d
b-d d b-d d
b c d? Sinh[af bic} SinhIntegr‘al[ ) (ﬁc ’ X> ] -d? Sinh[a— bdic} SinhIntegr‘al[ < ) jc ’ X) } +
b+d d b+d d
2b3 cCosh[a- b_c} SinhIntegral| b+d) (ic+ d | -2bcd?Cosh|a- bd_c] SinhIntegral| (b+d) (Ec+ J |+
b+d d b+d d
2b?dSinh[a- bic} SinhIntegral| ), (ﬁc +dx) | -2d*sinh|a- bic} SinhIntegral| (b+d) §C+ X) ] -
bc . bc bc . bc
b3 c Cosh[a - 7] SlnhIntegr‘al[c - 7 - bx+dx} +b? dCosh[a - ?} SlnhIntegr‘al[c - 7 - bx+dx] +
bc . bc bc . bc
bcd?Cosh[a- 7} SinhIntegral|c - o bx+dx| -d*Cosh|a- 7} SinhIntegral|c - o bx+dx| +
. bc, |, bc . bc . bc
b* c Sinh|a - T] SinhIntegral|c - o bx+dx] -b?>dSinh[a- 7} SinhIntegral|c - o bx+dx] -
. bc, . bc . bc . bc
bcd’Sinh[a- ?} SinhIntegral|c - o bx+dx| +d®Sinh[a- 7} SinhIntegral|c - o bx+dx]

Test results for the 233 problems in "8.6 Gamma functions.m"

Problem 1: Result more than twice size of optimal antiderivative.

Jxlee Gamma [0, a x] dx
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Optimal (type 4, 25leaves, 1step):

1
—— x1°? Gamma [0, a x] -

101

Gamma [101, a x]
101 at®?

Result (type 4, 828 leaves):

1

-aX

1(a1a191(e

(,

93326215443 944152 681 699 238 856 266 700 490 715 968 264 381 621 468 592 963 895 217 599 993 229 915 608 941 463 976 156 518 286 253 697 920 827 -
223758251185 210 916 864 000 000 000 000 000 0RO 8OO 0O —

93326215443 944152 681 699 238 856 266 700490 715 968 264 381 621 468 592 963 895 217 599 993 229 915 608 941 463 976 156 518 286 253 697 920 827 -
223758251185 210 916 864 000 000 000 000 000 000 00 0OV a X —

46 663107721972 076 340849 619428 133 350 245 357 984 132190 810 734 296 481 947 608 799 996 614 957 804 470 731 988 078 259143 126 848 960 413 -
611879125592 605 458 432 000 000 000 000 000 0O POV 0V a2 x> —

15554 369 240 657 358 780 283 206 476 044 450 081 785 994 710 730 270 244 765 493 982 536 266 665 538 319 268 156 910 662 692 753 047 708 949 653 471 -
203959 708 530 868 486 144 000 000 VB0 GOV POV VOV PRV OV a° x> -

3888592310164 339695 070801619011112520446498677 682567 561191 373 495 634 066 666 384579817039 227 665673 188261927 237413367 -
800989927 132717 121 536 000 000 000 000 000 0RO POV 0V a* x* -

777718462032 867 939014 160 323 802 222 504089 299 735536 513512 238 274699 126 813 333276 915963 407 845533134637 652 385 447 482 673 560 -
197 985 426 543 424 307 200 000 000 000 600 0OV VRO BV a° X° —

129619743672 144 656 502 360053 967 837 084 014 883 289 256 085 585 373 045 783 187 802222 212819 327 234 640922 189 106 275 397 574 580 445593 -,
366 330904423904 051 200 000 000 0B GOV VOV VRO BV a® x°© -

18517106238 877 808 071765721 995291012 002126184 179440797 910435111 883 971 746030402 761033 520131 741 300 896 485 367 797 206 513 -
338047272060 557 721 600 000 000 000 000 000 000 B a’ X -

2314638279859726008 970715 249411 376 500 265 773022 430 099 738 804 388 985 496 468 253 800 345129190016 467 662 612 060 670 974 650 814 -
167 255 909 007 569 715 200 000 000 000 00O VOV 0BV BV a® x& -

257182031095525112 107 857 249934 597 388918419 224 714455526 533 820 998 388 496 472 644 482 792 132 224051 962 512 451 185 663 850 090 463 -
028434334174 412 800 000 000 000 000 0OV 0L PRV a° x° —

25718203109 552511210 785724 993 459 738 891 841 922 471 445 552 653 382 099 838 849 647 264 448 279 213 222 405 196 251 245 118 566 385 009 046 -
302843433417 441 280 000 000 000 000 00V VOV VY at® x1° -

2338018464504 773 746 435 065 908 496 339 899 258 356 588 313 232059 398 372712 622 695 205 858 934473 929 309 563 295 567 738 051 489 546 276 .
936622130 310 676 480 000 000 00O VOO VOV VBV PV a'l x**! -

194 834 872042064 478 869 588 825 708 028 324 938 196 382 359 436 004 949 864 392 718 557 933 821 577 872 827 442 463 607 963 978 170957 462189744 -,
718 510 859 223 040 000 000 000 000 00V 0OV PV a? x2 -

14987 297 849 389575 297 660 678 900 617 563 456 784 337 104 572 000 380 758 799 439 889071 832 429067 140 572 497 200 612 613 705 458 266 322 288 .
055 270 066 094 080 000 0RO VOV VOO VR VOV V0V a3 x'3 -

1070521274956 398 235547191 350044111 675 484 595 507 469 428 598 625 628 531420 647 988 030 647 652 898035 514 329472 407 532733308734 -
861090 719 006 720 000 000 000 00 VOO 0OV VBV a'* x4 -

71368 084997093 215 703 146 090 002 940 778 365 639 700 497 961 906 575 041 902 094 709 865 868 709 843 526 535 700 955 298 160 502 182 220 582 324 -
072714 600 448 000 000 000 VOV VOV 0V VRV al® x1° -

4460505312 318325981446 630625183 798647 852481281122619 160940118 880919 366 616 794 365 220 408 481 309 706 135031 386 388 786 395 -
254 544 662 528 000 000 000 000 000 000 0B a® x'6 -

262 382665430489 763 614 507 683 834 341 096 932 498 898 889 565 832 996 477 581 230 550 977 458 492 071 788 734 194 688 596 178 316 846 399199 720 -.
855 568 384 000 000 000 000 000 00V 00V a'” x17 -
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14576 814746138 320 200 805 982 435 241 172 051 805 494 382 753 657 388 693 198 957 252 832081 027 337 321 596 344 149 366 454 350 935 911 066 651 -
158 642 688 000 000 VOO VOO VO VOV PPV a'® x1& -

767 200776112543 168463472 759749535371147 657599092 297 757 299 642 050 381 728 004 264 596 701 136 649 692 071 918 650 049 258 477 192 166
244352 000 000 000 000 00 00V 00V a*° x1° -

38360038805627 158423173637 987476768557 382879954614 887 864 982102 519 086 400 213 229 835056 832484 603 595 932 502 462 923 859 608 -
312217 600 000 000 000 VO VOV 0V a2° x?° —

1826668514553674 210627 316094 641 750 883 684 899 045 457 851 893 094 385 834 242 209 533 963 325478 896 784 981123 615 833450615421 886 -
110105 600 000 000 VOO 0OV VB V00 a2t x?! -

83030387025167 009573968913 392 806 858 349 313 592 975 356 900 140 653 901 556 464 069 725 605 703 586 217 499 141 982 537 884 118 882 813 005 -
004 800 000 D0 VOV VOV VOV BV a2 x?? -

3610016 827181174 329 302 996 234 469 863 406 491 895 346 754 647 832 202 343 545933 220422 852 421 895 052 934 745 303 588 603 657 342 731 000 .
217 600 000 000 VO VL VOV VRV a3 x> -

| 79

150417367799 215597054 291509769577 641937162 306114776993 008430981080 550850952184 245627 205614 387649 525152389280458 342 -

400 000 000 VPO POV POV PPV a?* x** -
6016 694711968623 882171 660 390 783 105 677 486 492 244 591 0879 720 337 239 243 222 034 938 087 369 825088 224 575 505 981 006 095 571 218 333 -,
696 000 00O DOV OV VBV POV a2> x*° -

231411335075716303160448476568 580987 595634317099656912 320663047 816232078387975762503393252904076192542137 354551296 -

000 000 VOO VOV POV PO a® x2° -
8570790187 989 492 709 646 239 872 910 406 947 986 456 188 876 181 937 802 335 104 304 891 792 147 250 463 088 638 996 447 266 390 449 531 650 048 -,
000 000 000 00V VPV VY a2’ x?7 -

306099649571053 311058794 281175371676713 802006745577 926350083 396582317564005258945110308535587402371087483273216000 -

000 000 000 0V PV a8 x2& -
10555160 330036321 070992 906 247 426 609 541 855241 611 916 480 218 968 392 985597 157 379491 687 762 424 432 261 634 564 520 258 043 904 000 .
000 000 000 0V PV a%° x*° -

351838677667 877369033096874914 220318061841 387063882673 965613099519905245983056258747481075387818817 341934796 800000 -

000 000 000 000 a3° x3° -
11349634 763479915130099 899 190 781 300 582 640 044 743 996 215 289 213 325 790 964 685 354 292 137 378 951002 431 865 123 140 062 412 800 000 .
000 000 000 OV a3! x3! -

354676086 358747 347815621 849711915643 207501398 249881727787916430967 646417 321629293092218825995785098126 950400000000 -

000 000 000 a2 x32 -
10747760192 689313570170359082 179261915378 830249996 415993573 225180837 770221867 554336127 843211993 487 822 028 800 000 000 .
000 000 000 a3 x33 -

316110593 902626 869710892914181742997 511142066176 365176 281565446495 228535937 281009 886113035646 867 288 883 200000 000 000 -

000000 a>* x>* -
9031731254 360767 706025511 833764 085 643 175 487 605 039 005 036 616 155 614 149 386 741065171 711031 801 018 481 922 539 520 000 000 000 -,
000000 a* x> -

250881423732243547 389597550937 891267 865985766 806639028 794 893 211504 149631 696 254769 750 883 361 624 497 848 320 000 000 000 000 -

000

a36

%36 _

6780579019790 366 145664798673 997061293 675290994774 027 805 267 384094706 746 802 601480263537 388152013455 360000 000 000 000 000

37 (37

a’ X

178436289994483319622757859842027 928780928710 388790 205401773265650177547436881059566773372421406 720000 000 000 000 000
238 38 _
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4575289487038 033836480970 765180203 302075095138174107 830814699 119235321729 150796 399 148 035 190 292 480 000 000 000 000 000 a>°
x3° ~ 114382237 175950 845912024 269129505 082 551 877 378 454 352 695 770 367 477 980 883 043 228 769 909 978 700 879 757 312 000 000 000 000 000
a4e X4e _

2789810662 828069412488 396 808 036 709 330533594 596 447 626 726 106 523 853 192 269 347 043 168 536 065 875 116 032 000 000 000 000 000 a*! x*! -

66424 063 400 668 319 344 961 828 762 778 793 584 133 204 677 324 445 859 679139 361 720 698 739 123 060 382 520 836 096 000 000 000 000 000 a*? x*? —

1544745660480 658589417 716947 971599 850 793 795457 612 196 415 341 375333993504 621 840071 171 686 531 072 000 000 000 000 000 a*> x*3 -

35107 855920014967 941 311748 817 536 360 245313533127 549 918 530485 803 045 306 923 223 637 981 174 693 888 000 000 000 000 000 a** x** —

780174576000 332620918038862611919116 562 522 958389998 189 566 351 178 784 598 293 858 621 803 882 086 400 000 000 000 000 a*> x*° -

16960 316 869572 448 280826 931 795911 285142 663 542 573 695 612 816 659 808 234 447 788 996 926 560 953 958 400 000 000 000 000 a*® x*° —

360857 805 735 584 005 975 041 102 040 665 641 333 266 863 270119421 631 059 749 669 101 893 551 628 956 467 200 000 000 000 000 a*’ x*7 -

7517 870952824666 791 146 689 625 847 200 861 109 726 318 127 487 950 647 078 118 106 289 448 992 269 926 400 000 000 000 000 a8 x*8 -

153425937 812748301 860 136 522976473 486 961 422 986 084 234 447 972 389 349 349107 947 938 617 753 600 000 000 000 000 a*® x*° -

3068518756254 966 037 202 730459 529 469 739 228 459 721 684 688 959 447 786 986 982 158 958 772 355 072 000 000 000 000 a°° x>° —

60167 034436371883082406479598617053 710361955327 150763 910740921 313 375 665 858 281 472 000 000 000 000 a> x°! -

1157058 354545613 136 200124 607 665712 571 353114 525522 130075 206 556 179 103 378 189 582 336 000 800 000 000 a°2 x>2 -

21831289 708407 795022 643 860 521 994 576 817 983 292 934 379 812 739 746 343001 950 531 878 912 000 000 000 000 a°3 x°3 -

404283142 748292500419 330750407 306 978 110801 721007 033 569 254 561 907 443 528 368 128 000 000 000 000 a°* x>* -

7350602 595423500007 624 195461 951 035 965 650 940 381 946 064 895 537 489 226 245 970 329 600 000 000 000 a>° x°° —

131260760632562 500136146 347 534839927 958052 506 820 465 444 563 169 450 468 678 041 600 000 000 000 a°°® x°° —

2302820361974780704142 918377 804209 262421973 803 867 814 816 897 709 657 345 228 800 000 000 000 a°” x> -

39703799344 392770761084799 617 313952 800378858 687 376117 532719132023 193 600 000 000 000 a°8 x> —

672945751599 877470526 861 010462 948 352 548 794 215040 273 178 520 663 254 630 400 000 000 000 a>° x>° -

11215762526 664624 508 781 016 841 049 139 209 146 570 250 671 219 642 011 054 243 840 000 000 000 a° x5° -

183864 959453518434 570180603 951 625 232 936 829020 502 806 879 377 230 397 440 000 000 000 a® x5! —

2965563862153523138228719418 574600 531239177 750045 272 248 019 845 120 000 000 000 a°2 x°2 -

47072442 256405129178 233 641 564 676 198 998 558 376 984 845591 238 410 240 000 000 000 a®> x°3 -

735506 910 256 330 143 409 900 649 448 065 607 946 224 640 388 212 363 100 160 000 000 8OO a®* x5 -

11315490927 020463 744767 702 299 201 009 353018 840621 357 113 278 464 000 000 000 a°° x°° -

171446832227582784011631853018197 111409376 373 050 865 352 704 000 000 000 3¢ x°° -

2558907 943 695 265433 009 430 642 062 643 453 871 289150012 915 712 000 000 000 a°” x°7 —

37630999171989 197 544 256 332971 509462 556 930 722 794 307 584 000 000 000 a°8 x°8 —

545376799 594 046 341 221106 274949412 500 825 082 939 047 936 000 000 000 a®° x5 -

7791097137057 804 874587 232499 277 321440358327 700 684 800 000000 a’° x7° -

109733762493 771899642073 697172920020 286 737 009 868 800000000 a’* x'* -

1524080034 635720828362134682957222503982458470400000000 a’2 x7% -

20877 808 693 640011 347 426 502 506 263 321 972 362 444 800 000 000 a’> x7> -

282132549914 054 207 397 655439273828 675 302 195 200000000 a’* x’* - 3761767 332187 389431968 739190317 715 670 695 936 000 000 a’> x’° -

49496 938581413018 841693 936714706 785140736 000000 a’® x’® - 642817 384174 195049 892 129 048 242 945 261 568 000000 a’” x’7 -

8241248515053 782 690924731387 730067 456 000000 a’® x’® - 104 319601 456 376 996 087 654 827 692 785 664 000 000 a’° x’° -

1303995018 204 712 451 095 685 346 159 820 800 000 a®® x® - 16098 703 928 453 240 136 983 769 705 676 800 000 a8l x5! -

196 325657 664063 994 109 558 167 142 400 000 a®? x52 — 2365 369 369 446 553 061 560 941 772 800 000 a3 x&3 -

28159159160078012 637 630259 200000 a%* x84 - 331284 225412682501619179520000 a® x® - 3852142155961424437 432 320000 a® x° -

44277 496045533614 223360000 a®” x¥7 - 503153364153 791070720000 a8 x5 — 5653 408 585997 652 480000 a®® x5 -

62 815650 955529472000 a®® x*° - 690281 878632192000 a°* x°! - 7503063898176 000 a°? x°? - 80678 106 432000 a°> x°3 -

Ar A Ar  Ar Ar ar A A= Ao na An An 4nn  ann 1na ~w.  ana
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Problem 5: Result more than twice size of optimal antiderivative.

dx

JGamma[e, a x|

X
Optimal (type 5, 32leaves, 1 step):

1
a x HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, —-ax] - EulerGamma Log[x] - — Log[a x]?
2

Result (type 5, 66 leaves):
a X HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -ax] + Gamma [0, ax] Log[a x] +

1
ExpIntegralEi[-ax] (-Log[x] +Llog[ax]) + — Log[x] (-2Gamma[@, ax] +Log[x] - 2 (EulerGamma + Log[ax]))
2

Problem 8: Result more than twice size of optimal antiderivative.
JGamma[e, ax]

4

dx
X

Optimal (type 4, 25leaves, 1 step):
1 . Gamma [0, a X]
—a’Gamma[-3, ax] - ——
3 3 x3

Result (type 4, 55 leaves):

e (2-ax+a’x?+a®e? X ExpIntegralEi[-ax] - 6 e?*Gamma[@, ax])

18 x3

Problem 17: Result more than twice size of optimal antiderivative.

Jxme Gamma[2, ax] dx

Optimal (type 4, 25leaves, 1 step):

1 o Gamma [103, a x]
— X" Gamma[2, aXx] -
101 101 31!

Result (type 4, 839 leaves):

e—a X

- (9 519273975282303573533322363339203450053028762966925389796482317312195199309451392112029325567964865197877187924 -
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1
376823341620891513520 128 000 000 000 000 000 000 000 0O / alel) oo
a

9519273975282303573533322363339203450053028762966925389796482317312195199309451392112029325567964865197877187924 -

1
376823341620891513520128 000 000 000 000 000 000 000 000 X — oo
a
4759636987641151786766661181669601725026514381483462694898241158656097599654725696056014662783982432598938593962 -

188411 670810445 756 760 064 000 000 000 000 000 000 000 000 X2 - %
a
1586545662547 050595 588 887060 556533908342171460494487 564966080 386218699199 884908565 352004 887594 660810866312 864654 -
062 803 890 270 148 585 586 638 000 VOO POV POV POV POV VYV 000 X - %
a
396636415636762648897221765139133477085542865123621891241520096554674799971227141338001221898665202716578216163515 -
700972567 537 146 396 672 000 000 000 000 000 POV POV 0V x* - %
a
79327283127 352529779444 353027 826695417 108573024724378 248 304019310934 959994 245428 267 600244 379733040543 315643232703 -

1
140194 513 507 429 279 334 400 000 000 000 000 000 000 000 X° - T
a
13221213854558754963 240725504637 782569518095 504120729 708050669885 155826665707571377933374063 288 840090552607 205450 -

1
523365752251238213 222 400 000 000 000 000 000 000 000 x° - “od
a
1888744836365536423320103643519683224216870786302961386864381412165118095101081625419053437612691441507 515315064 -
1
360480821750 176 887 603 200 000 000 000 000 000 800 800 X’ - —

393
236093104 545692052915012 955439960403 027 108 848 287 870173358047 676520639761 887635203177 381679701586430188439414383045 -

1
060102718772 110 950 400 000 000 000 VOO POV POV PO x° - o
a

26232567171743561435001439493328933669678760920874463706449741835626640209737244797486853300176270020937712709227 -

1
228900302 085 790 105 600 000 0OV 0OV VOV 0OV 00V 000 Xx° - o1
a
2623256717174356143 500143 949332893 366967 876092087 446370644974183562664020973724479748685330017627002093771270922 .
1
722890030 208 579 010 560 000 VOO POV POV POV 0V 0V x1° — oo
a

238477 883379486922136376722666626669724352372007949670058634016687514910997611316340789575456147909281251933720247 -

1
535457 291 689 000 960 000 000 000 000 000 PV 800 X! - oo
a

19873156948 290576 844 698060222218 889143 696031 000662472504 886168057 292 909 249 800943028 399131288012325773437661143353 -

1
961 288 107 640 750 080 000 000 VOV POV POV PV 0V X2 - “es
a

1528704380637736680361389247862991472592002 384 666344038837 397542868685326907764848338394714462486597956743164873 -

381637 546 741 596 160 000 000 000 000 000 000 000 x'3 - e
a
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109193170045552620025813517704499390899428741761881717059814110204906094779126060595599622461606 185568 338797490955 -

1
831253338685440000000@@0000009000000X14—-i;
a

7279544 669703508001 720901180 299959393295249450792114470654 274013 660406 318608404039706641497440412371222586499 397 -

1
055416889245696000000000000000000000X15—‘:g
a

454971541 856469250107 556323768747 462080953090 674507 154415892125853775394913025252481665093590025773201411656212315 -

1
963555577 856 000 000 000 000 000 000 000 x1° - o
a

26763031873909955888679783751102791887114887686735714965640713285516199700766 191322450887 858236810188318332718371 -

1
527267975168@00000000@00000000000X17—-?;
a
1486835104106 108 660482210208 394599549284160427 040873053 646706 293639788872264788406802827103235378343795462928798 -

1
418181554176000009000000096900000Xlg—‘:;
a

78254479163479403183274221494452607857061075107414371244563489138936256434988863515938268591 335702305024 364673600 -

956923904000@00000000@0000000@X19—-;I
a

3912723958173970159163711074722630392853053755370718562228174456946812821749443175796913429566785115251218233680 -

047846195200000000000000000000Xze—‘:;
a

186320188484474769483986241653458590135859702636700883915627355092705372464259198847472068074608815011962773032383 -

1
230771 200 000 000 000 0O 0V PV x> - Y
a

8469099476 567034976544 829166066 299551 629986483486403814346697958759335112011781765794184912482218864180126046926 -

1
510489600000@00000000@00000X22—-;g
a

368221716372479781588905615915926067 462173 325368974078 884639041685188483130947033295399344020966037573048958562022 -

1
195 200 000 000 0OV 0OV POV VBV x> - —
a

15342571515519990899537 733996496 919477590 555 223707 253 286 859960070216 186797 122793053974972 667 540 251565 543 706 606 750 -
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- - - - - - - + — X7 Gamma[2, aX]
a® a° at a3 a2 a 101 101 101

Problem 18: Result more than twice size of optimal antiderivative.

sz Gamma[2, a x] dx

Optimal (type 4, 25leaves, 1step):
1 Gamma [5, a X]
—x>Gamma[2, ax] - —————
3 333
Result (type 4, 55leaves):

ax[ 8 8x 4x? 4x> axt
e . s _sx

1
- — - — - — | + =x>Gamma[2, ax]
a2 a?  a 3 3 ) 3

Problem 21: Result more than twice size of optimal antiderivative.
JGamma[Z, ax]

X

dx

Optimal (type 4, 14 leaves, 2 steps):

-e X+ ExpIntegralEi[-a x]

Result (type 4, 41 leaves):

-e®*+ ExpIntegralEi[-ax] -e®* (1+ax) Log[ax] +Gamma[2, ax] Log[a X]
Problem 25: Result more than twice size of optimal antiderivative.
Jxme Gamma[3, a x] dx

Optimal (type 4, 25leaves, 1 step):
Gamma [104, a X]

1
—— x*! Gamma[3, ax] -
101 101 ale!

Result (type 4, 846 leaves):
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2715272572502 708 322 558 994 910 876 523 344 763 548 144 813 604 939 497 472 000 000 000 a®” x°%7 +
39930479007 392 769 449 395 660 454 066 519 775 934 531 541 376 543 227 904 000 000 000 a°8 x°8 +
578702594 310040136947 763194 986 471 301 100500457 121 399 177 216 000 000 000 a®° x*° +
8267179918714859 099 253 759 928 378 161444 292 863 673 162 845 388 800 000 000 a’® x”° +
116439153784 716 325341602 252512368471 046 378 361 593 842 892 800000000 a’* x’* +
1617210469232171185 300031 284 894 006 542 310810577 692 262 400 000000 a’2 x’? +
22153568071673577 880822 346 368411048524 805624351948 800000000 a’> x”3 +
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299372541509 102 403 794 896 572 546 895 250 335211 139 891 200 000 000 a’* x’* +

3991633886 788032050598620967 281 270004 469 481 865 216 000000 a’> X'° +

52521498510 368842 771034486411 595657 953 545 814016 000 000 a’® x’° +

682097 383251543412 610837 485864878674721374208000000 a7 x’7 +

8744838246 814659136 036 378 023 908 700 957 966 336 000 000 a’% x’® + 110694 155 022 970 368 810 587 063 593 781 024 784 384000000 a’° x’° +
1383676937787129610132338294922 262 809 804 800000 a%® x5° + 17082431 330705 303 828 794 299 937 311 886 540 800 000 a%* x3! +
208322333301284193034076 828503 803494 400000 a2 x5 + 2509907 630 135 954 132 940 684 680 768 716 800 000 a®> x& +
29879852739713739677 865293818675 200000 a®* x3* + 351527 679290 749878563121 103 749120000 a® x5 +

4087531154 543603 239 106 059 345 920000 a®® x® + 46983116 718891 991 254092 636 160000 a®” x¥” +

533899053623772627 887416320000 a® x5 + 5998865771053 625032442 880000 a® x®° + 66654064122 818055916 032000 a°° x°° +
732462243107 890724352000 a°! x°! + 7961546 120737 942 656 000 a°2 x°2 + 85608022 803 633792000 a3 x°3 +

910723 646 847 168 000 a°* x°* + 9586 564 703 654 400 a°° x°° + 99 860 048 996 400 a°® x°° + 1029485041 200 a°7 x°7 +

10504 949400 a*® x*® + 106 110600 a*° x> + 1061106 a*%° x'*° + 10506 a'®* x*%* + 103 a'®? x'%% + 3% x1%) + x'%* Gamma [3, a x]

Problem 26: Result more than twice size of optimal antiderivative.

sz Gamma[3, ax] dx

Optimal (type 4, 25leaves, 1step):

1 Gamma [6, a X]
—x>Gamma[3, ax] - ————
3 3a3

Result (type 4, 62leaves):
1

3

eax (120+120ax+69a2x2+20a3x3+5a4x4+a5x5)
- ; +x3 Gamma[3, ax]
a

Problem 27: Result more than twice size of optimal antiderivative.

Jx Gamma [3, a x] dx

Optimal (type 4, 25leaves, 1 step):

1, Gamma [5, a x]
—Xx“Gamma[3, ax] - ———
2 2 a2

Result (type 4, 53 leaves):
ax [ 12 12x a2 x4

_ 2 3 1 2
e — -6X"-2ax’- + — X“Gamma [3, a x|
a? a 2 2
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Problem 28: Result more than twice size of optimal antiderivative.

JGamma [3, ax] dx

Optimal (type 4, 18leaves, 1step):

Gamma [4, a X]
XGamma[3, ax] - ———

a
Result (type 4, 38 leaves):
6
e 3 (———6x—3ax2—a2x3 + X Gamma[3, aXx]

a

Problem 29: Result more than twice size of optimal antiderivative.

dx

JGamma[B, ax]

X

Optimal (type 4, 23 leaves, 3 steps):

-2e?*+2ExpIntegralEi[-ax] - Gamma[2, aXx]

Result (type 4, 56 leaves):

e?* (-3-ax] +2ExpIntegralEi[-ax] -e®* (2+2ax+a*x?) Log[ax] +Gamma[3, ax] Log[aX]

Problem 33: Result more than twice size of optimal antiderivative.
Jxlee Gamma[-1, ax] dx

Optimal (type 4, 25leaves, 1 step):

1 Gamma [100, a x
—— x! Gamma[-1, ax] - [109, ax]
101 101 a'%t

Result (type 4, 820leaves):
1 (e—ax
101 a'®?
(-933262154439441 526 816 992 388 562 667 004 907 159 682 643 816 214 685 929 638 952 175999 932 299 156 089 414 639 761 565 182 862 536 979 208 272 -
237582511852 109 168 640 000 000 000 000 000 000 V0O —

933262154439441526 816992388562 667 004907 159682643 816 214685929638952175999932299156089414639761565182862536979208272 -
237582511852 109 168 640 000 000 000 000 000 000 B0 a X -

466631077 219720763408496194 281 333502453579841321908107 342964 819476087 999966 149578044707 319880782591431268489604136 -
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118791255926 054 584 320 000 000 000 000 000 0RO BV a2 x> —

155543 692 406 573 587 802 832 064 760 444 500 817 859 947 107 302 702 447 654 939 825 362 666 655 383 192 681 569 106 626 927 530477 089 496 534 712 -,
039597 085 308 684 861 440 000 000 POV 0OV VOO RV POV a> x> -

38885923101 643396950 708016190111 125204 464 986 776 825675611913 734 956 340 666 663 845 798 170 392 276 656 731 882619 272374133678
009899271327 171215 360 000 000 000 000 V0L RV BV a* x* -

7777184620328 679390141603 238022 225040892 997 355 365135122 382746 991 268 133332 769159 634 078 455 331 346 376 523 854474826 735 -
601979854 265 434 243 072 000 000 000 000 000 RV POV a° X° -

1296197 436721446 565 023 600 539 670 370 840 148 832 892 560 855 853 730457 831 878022 222128193 272 346 409 221 891062 753 975 745 804 455 -
933663 309044 239 040 512 000 000 0RO POV VOO RO POV a’® x° -

185171062 388778080717657219952910120021 261 841794407 979104351118 839717 460 304 027 610 335201 317413008 964 853 677 972065 133 -
380472720 605577 216 000 000 000 000 0OV 0V VBV a’ X’ -

23146 382798597 260 089 707 152494113 765 002 657 730 224 300 997 388 043 889 854 964 682 538 003 451 291 900 164 676 626 120 606 709 746 508 141 -
672559090075 697 152 000 000 000 00O 00V 0BV PRV a® x° -

2571820310955 251 121078572499 345973 889184192 247 144 555 265 338 209 983 884 964 726 444 827 921 322 240519625124 511 856 638 500 904 .
630284 343341744128 000 000 000 000 000 000 B a° X° -

257182031095525112107 857 249934597 388918419 224714455526 533 820998 388496472 644 482792132 224051962 512451 185 663 850090463 -
028434334174 412 800 000 000 000 000 0OV 00V a3 x1° -

23380184 645047 737 464 350 659 084 963 398 992 583 565 883132320593 983727 126 226 952 058 589 344 739 293 095 632 955 677 380 514 895 462 769 -
366221303 106 764 800 000 000 000 000 000 000 a'! x!! -

1948348720420 644788 695 888 257 080 283 249 381 963 823 594 360 049 498 643 927 185579338 215778 728 274 424 636 079 639 781 709 574 621 897 -
447185108 592 230 400 000 000 000 000 000 000 a? x12 -

149872978493 895 752 976 606 789 006 175 634 567 843 371 045 720 003 807 587 994 398 890 718 324 290 671 405 724 972 006 126 137 854 582 663 222 880 -
552 700 660 940 800 000 000 000 00V 000 VY a3 x*3 -

10705212 749 563982 355471913 500441 116 754 845 955074 694 285 986 256 285 314 206 479 880 306 476 528 980 355 143 294 724075 327 333087 348 -
610907 190 067 200 000 DOV OOV POV VOV VPV al* x4 -

713680 849970932157 031460 900 029 407 783 656 397 004 979 619 065 750 419 020 947 898 658 687 898 435 265 357 009 552 981 605 021 822 205 823 240 -.
727 146 004 480 000 000 000 0OV VB PV a'> x*° -

44605053123 183259814466 306251837 986478524 812811226191 609 401 188 809 193 666 167 943 652 204 084 813 097 061 350 313 863 887 863 952 -
545 446 625 280 000 000 000 000 000 000 a'® x16 -

2623826 654304 897 636 145 076 838 343 410 969 324 988 988 895 658 329 964 775 812 305 509 774 584 920 717 887 341 946 885961 783 168 463 991 997 -
208555 683 840 000 000 000 000 000 000 a'’” x17 -

145768147 461 383 202 008 059 824352411 720 518 054 943 827 536 573 886 931 989572 528 320810273 373 215 963 441 493 664 543 509 359110 666 511 -
586 426 880 000 000 000 000 0O 000 a'8 x'& —

7672007 761125431 684634727 597 495 353 711476 575990 922 977 572 996 420 503 817 280 042 645 967 011 366 496 920 719 186 500492 584 771921 -
662 443520 000 000 000 000 000 000 a'® x1° -

383600388056271584231736379874767 685573828799 546148 878 649 821025190 864 002 132 298 350 568 324 846 035 959 325024 629 238 596 083 -.
122176 000 000 000 0L 0OV VBV a%® x?° -

18266 685145536 742106 273 160 946 417 508 836 848 990454 578 518 030 943 858 342 422 095 339 633 254 788967 849 811 236 158 334 506 154218 861 -
101 056 000 000 VO POV VOO VL a2 x?! -

830303870251 670095739 689133928068 583493 135929753569 001 406 539 015 564 640 697 256 057 035 862 174 991419 825 378 841188828 130050 -
048 000 000 0OV 0OV VL BV a2 x?? -

36100168271811743293029962 344698634064 918953467 546478322023 435459 332204228524 218950529 347 453035 886036573427 310002 -
176 000 000 000 0OV 00V VL a2> x?3 -

1504173677 992155970542 915097 695776419 371623061 147 769 930 084 309 810 805 508 509 521 842 456 272 056 143 876 495 251 523 892 804 583 -
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424 000 000 000 00 0PV PV a®* x* -

60166947119 686238821716 603 997 831056 774 864 922 445910 797 203 372 392 432 220 340 380 873 698 250 882 245 755059 810 060 955 712183 336 -
960 000 000 VOV OV PV a%> x2° -

2314113350757 163031604 484 765 685 809 875 956 343170 996 569 123 206 630478 162 320783 879 757 625033932 529040 761 925421 373545512 -,
960 000 00O VOV VB VBV a2® x° -

85707 901 879894 927 096 462 398 729 104 069 479 864 561 888 761 819 378 023 351043 048 917 921 472 504 630 886 389 964 472 663 904 495 316 500 480 -
000 000 000 0PV 000 a2’ x?7 -

3060996 495710533110587942 811753716767 138020067 455 779 263 500 833 965 823 175 640 052 589 451 103 085 355 874023 710874 832 732160 -
000 000 000 DOV VR a8 x?8 -

105551 603 300 363 210709929 062 474 266 095 418 552 416 119 164 802 189 683 929 855 971 573 794 916 877 624 244 322 616 345 645 202 580 439 040 000 -
000 000 000 POV a2° x?° -

3518386776678 773690330968 749142 203180618413 870638826739656 130995199 052459830562 587 474810753878188173419 347968000 -
000 000 0V POV a3 x3° -

113496 347 634799 151 300 998 991 997 813 005 826 400 447 439 962 152 892 133 257 909 646 853 542 921 373789510024 318 651 231 400 624 128 000 000 -.
000 000 000 a3t x3! -

3546760863 587473478156218497119156432075013982498817 277879164 309676464173 216292930922 188259 957 850 981 269 504 000 000 .
000 000 000 a3? x32 -

107477 601926 893135701 703590821 792 619 153 788 302 499 964 159 935 732 251 808 377 702 218 675 543 361 278 432 119 934 878 220 288 000 000 000 -
000000 a* x33 -

3161105939026 268697 108929141817 429975111420661 763 651 762 815 654 464 952 285 359 372 810098 861 130 356 468 672 888 832 000 000 000 -
000000 a3* x34 -

90317 312543607 677 060 255118 337 640 856 431 754 876 050 390 050 366 161 556 141493 867410651717 110 318 010 184 819 225 395 200 000 000 000 000

a35
X

2508814237 322435473 895975509 378912678 659 857 668 066 390 287 948 932115041 496 316 962 547 697 508 833 616 244 978 483 200 000 000 000 000
a36 X36 _

67 805790197 903 661 456 647 986 739970 612 936 752 909 947 740 278 052 673 840 947 067 468 026 014 802 635 373 881 520 134 553 600 000 000 000 000
a37 X37 _

1784362899944 833196 227578598420 279 287 809 287 103 887 992054017 732 656 501 775 474 368 810 595 667 733 724 214 067 200 000 000 000 000 a>°
x38 _ 45752894 870380338364 809 707 651 802033 020750951 381 741 078 308 146 991 192 353 217 291 507 963 991 480 351 982 924 300 000 00O 0OV 000
a39 X39 _

1143822371759508459120 242 691 295050 825518773 784543 526 957 703 674 779 808 830432 287 699 099 787 008 797 573 120 000 000 000 000 a*? x*° —

27898106 628 280694 124 883 968 080 367 093 305 335 945964 476 267 261 065 238 531 922 693 470 431 685 360 658 751 160 320 000 000 000 000 a* x*! —

664 240 634006 683193449 618 287 627 787 935 841 332 046 773 244 458 596 791 393 617 206 987 391 230 603 825 208 360 960 000 0OV 00V 0L a*? x*? -

15447 456 604 806 585 894177 169 479 715 998 507 937 954 576 121 964 153 413 753 339935 046 218 400 711 716 865 310 720 000 000 000 000 a*> x*3 -

351078559200149679413117488175363602453135331275499185304858030453 069232 236379811746 938 880 000 000 000 000 a** x** —

7801745760003 326 209 180 388 626 119191 165 625 229 583 899 981 895 663 511 787 845 982 938 586 218 038 820 864 000 000 000 000 a*® x*° -

169603 168 695 724 482 808 269 317 959112 851426 635425 736 956 128 166 598 082 344 477 889 969 265 609 539 584 000 000 000 000 a*® x*° -

3608578057 355840059 750411020406 656413 332668632 701194 216 310597 496 691 018 935 516 289 564 672 000 000 000 000 a*’ x*7 -

75178709528 246 667 911 466 896 258 472 008 611 097 263 181 274 879 506 470 781 181 062 894 489 922 699 264 000 000 000 000 a*® x*8 -

1534259378127 483018 601 365229 764 734 869 614 229 860 842 344 479723 893 493 491 079 479 386 177 536 000 000 000 000 a*° x*° -

30685187 562 549 660 372 027 304 595 294 697 392 284 597 216 846 889 594 477 869 869 821 589 587 723 550 720 000 000 000 a°° x>° -

601670344363 718830824064 795986 170537103619 553 271507 639107 409 213133 756 658 582 814 720 000 000 000 a°* x°! —

35
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11570583 545456 131 362 001 246 076 657 125 713 531 145 255 221 300 752 065 561 791 033 781 895 823 360 000 000 000 a°2 x°2 -
218312897 084077 950226438 605219 945 768 179 832 929 343798 127 397 463 430019 505 318 789 120 000 000 000 a>3 x°3 -
4042831427482 925004193 307 504073069 781108017 210070 335692 545 619 074 435 283 681 280 000 000 000 a>* x°* -
73506 025 954 235000 076 241 954 619 510 359 656 509 403 819 460 648 955 374 892 262 459 703 296 000 000 000 a°° x°° —
1312607 606 325625001 361463475 348399 279 580 525 068 204 654 445 631 694 504 686 780 416 000 000 000 a°° x°° —
23028203619747807041429183778042092624219738038678148168977 096573452 288000000000 a°’ x°7 -
397037 993443927707 610847 996173139 528003 788 586 873 761 175 327 191 320 231 936 000 000 000 a°8 x°8 —
6729457515998 774 705 268 610 104 629 483 525 487 942 150 402 731 785 206 632 546 304 000 000 000 a°° x°° -

112157 625 266 646 245087 810168 410491 392091 465 702 506 712 196 420 110 542 438 400 000 000 a®° x°° -
1838649594 535184 345 701 806 039 516 252 329 368 290 205 028 068 793 772 303 974 400 000 000 a°* x5! -

29655638621 535231382287 194185746005 312391777 500452722 480198451 200 000 000 a®2 x°2 -

470724422564 051291782 336415 646 761 989 085 583 769 848 455 912 384 102 400 000 000 a®> x5 -

7355069102 563 301 434099 006 494 480 656 079 462 246 403 882123 631 001 600 000 000 a®* x°* -

113154909 270204 637 447 677 022992010093 530188 406 213 571 132 784 640 000 000 a®> x°° -

1714468322275827 840116 318530181971114093 763 730508 653 527 040 000 000 a%® x°° -

25589079436 952 654 330094 306 420 626 434538712891 500129157 120 000 000 a°” x7 -

376309991 719891975442 563 329715094 625 569 307 227 943 075 840 000 000 a°® x°8 -

5453767 995940463412 211062 749 494 125 008 250 829 390 479 360 000 000 a®° x%° -

77910971 370578 048 745872 324992 773 214 403 583 277 006 848 000 000 a’® x7° -
1097337624937718996420736971 729200202867 370098 688000000 a’* x’* -

15240800346 357 208 283 621 346 829572 225039 824 584 704000000 a’% x’? -

208778086 936400113474 265025062 633219723 624448000000 a’3 x’3 - 2821325499140542073 976554392738 286753021 952000000 a’* x’* -

37617673321873894 319687 391903177 156 706 959 360000 a’> x’> - 494 969 385 814 130188416 939367 147067 851407 360000 a’° x’° -
6428173841741950498921 290482429452 615680000 a’’ x’7 - 82412485150537 826909 247 313877 300674560000 a’® x’8 -
1043196014563 769 960 876 548 276 927 856 640000 a’° x’° - 13039950 182047 124 510 956 853 461 598 208 000 a%° x5 —

160987039284 532401369837 697 056 768000 a%! x5! — 1963 256 576 640639 041095 581 671424 000 a®? x82 -

23653693 694465530615 609417 728000 a®3 x®3 - 281591591 600 780 126 376 302592 000 a®* x3* - 3312842254126 825016 191 795 200 a x& -

38521421559614 244374323200 a%® x%6 - 442774960455 336142 233600 a®” x3” - 5031533641537 910707 200 a®® x8 -
56 534 085859 976 524 800 a®° x3° - 628156 509 555294720 a°° x°° - 6902 818 786 321920 a°! x°! - 75030638981 760 a2 x°? -

806781064 320 a”> x°* - 8582777280 a®* x>* - 90345024 a” x*° - 941094 a°° x*° - 9702 a%” x*7 - 99 a% x*® - a% x*° + 2! e** x'% Gamma [-1, a x])

Problem 38: Result more than twice size of optimal antiderivative.

J

Gamma[-1, ax]

dx
X

Optimal (type 5, 39leaves, 2 steps):

1
—~Gamma[-1, ax] - ax HypergeometricPFQ[{1, 1, 1}, {2, 2, 2}, —a x] + EulerGamma Log[x] + — Log[a x]?
2

Result (type 5, 103 leaves):

| 95
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-aX
c - a xHypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -aXx] + EulerGamma Log[x] + Gamma [0, a x] Log[x] -
ax
Log[x]? . e ?* Loglax]
——— + ExpIntegralEi[-ax] (—1+ Log[x] - Log[a x]) - — +Gamma[-1, ax] Log[ax] +Log[x] Log[a X]
2 ax

Problem 39: Result more than twice size of optimal antiderivative.
JGamma[—l, ax]

2

dx
X

Optimal (type 4, 18leaves, 1 step):

Gamma[-1, ax]

aGamma|[-2, ax] - ——
X
Result (type 4, 42 leaves):

1

2

e (1-ax) . 2Gamma[-1, ax]
—— - aExpIntegralEi[-ax] -
a x? X

Problem 40: Result more than twice size of optimal antiderivative.
JGamma[—l, ax]

3

dx
X

Optimal (type 4, 25leaves, 1 step):
1, Gamma[-1, ax]
—a“Gamma[-3, ax] - —————
2 2 x2

Result (type 4, 58 leaves):

1 1 a 1, . Gamma[-1, aXx]
e 3% ( _ + + — a“ ExpIntegralEi[-ax] - ————————
6ax? 12x2 12x) 12 2x?

Problem 41: Result more than twice size of optimal antiderivative.
JGamma[—l, ax]

dx

X4

Optimal (type 4, 25leaves, 1step):
1 Gamma[-1, aXx]
—a’Gamma[-4, ax] - ———
3 3x3

Result (type 4, 68 leaves):
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- + - - — a’® ExpIntegralEi[-a x]

[ 1 1 a a? 1 Gamma[-1, ax]
12ax* 36x3 72x% 72x 72 3 x3

Problem 42: Result more than twice size of optimal antiderivative.

wae Gamma[-2, a x] dx

Optimal (type 4, 25leaves, 1 step):

1
— x*! Gamma[-2, ax] -

101

Gamma[99, a X]
101 a0l

Result (type 4, 812leaves):

1

- €
101 atet

(_

-aXx

9426890448883 247745626185743057 242473809693 764078951663494 238777 294707070023 223798882976159207729119823 605850588 -
608460429412 647 567 360 000 000 000 000 000 V00 B0 -

9426890448883 247 745626185743 057242473 809693764078951663494 238777 294707070023 223798882976159207729119823 605850588 -
608460429412 647 567 360 000 000 000 000 000 00V 0O a X —

4713445224441623872813092871528621236904846882039475831747119388647353535011611899441488079603 864559911802925294 -
304230214 706 323 783 630 000 000 000 0OV 0OV 00V 000 a° x> -

1571148408147 207 957 604 364 290509 540412 301615627 346491943 915706462 882451178337 203966480496 026534621519970600975098 -
101410071568 774 594 560 000 000 0OV OOV VOV 0V 000 a> x> -
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392787102036 801989401091072627 385103075403 906 836622985978926615720612794584300991620124006633655379992650243774525 -

352517892193 648 640 000 000 000 OV POV 0V 0V a* x* -

78557420407 360397 880218 214525477 020615080781 367 324597 195785323144122558916 860198324024 801326731075998530048 754905 -

070503 578438729728 000 000 000 000 000 000 000 a° X —

130929603401226732980036369087 579 503435846796 894554099532 630887190687093152810033054004133554455179333088341459150 -

845083929739 788 288 000 000 000 000 000 000 000 a® x° -
1870414771603 818997 148052 726 797 071 919 406 685 270 650 585 647 518 698 170098 156 164 687 147 579 143 447 650 636 454 190441 191 637 021 -,
549297 704 248 541 184 000 000 000 000 000 00V 000 a’ X’ -

233 801846450477 374643506 590849633 989925835658831323205939837271262269520585893447392930956329556773805148954627693 -

662213031067 648 000 000 VOO VRO PRV PV PV a® x5 -

25977982938941930515945176761070443 325092850981 258133993 315252362474391176210383043658995147728530422794328291965 -

962468114 563 072 000 000 000 0RO PRV PRV VY a° x° -

2597798293894193051 594517 676 107 044 332 509 285098 125813 399 331525236 247439117621 038 304 365899514772 853042 279432829196 -
596 246 811 456 307 200 000 000 000 000 0V 0PV a® x1° -

236163481263108459 235865243 282458575682662281647801218121047748749767192511003482215081774070259367479948439017872 -

386073 768 755 200 000 000 000 000 000 000 at x! -

19680290105 259 038 269 655 436 940 204 881 306 888 523470 650 101 510 087 312 395813 932 709 250 290 184 590147 839 188 280 623 329 036 584 822 -
698 839 480 729 600 000 000 00 00V VRV VOV a? x*? -

1513868469635310636127341303092683177452963 343896161 654622100953 524148669 942 330014199 242141476021 586 409 925891 140 -,
207 603 036 979 200 000 000 0OV 0V VBV BV a'3 x> -
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108133462116 807 902580524 378792 334512675211667 421154403 901 578639537439190710166429 585660152 962 572970457 851849 367 157 -
685931 212 800 000 000 VOO 0OV VB PV a4 x4 -

7208897 474453 860172034958 586 155634 178 347 444 494 743 626 926 771 909 302 495 946 047 344428 639 044 010 197 504 864 697 190123 291 143 .
845728747 520 000 000 000 000 000 000 a'® x*° -

450556092153 366 260752184911 634727 136 146 715 280 921 476 682 923 244 331 405 996 627 959 026 789 940 250 637 344 054 043 574 382 705 696 490 -
358046 720 000 000 000 000 000 00V a'® x1° —

26 503299538433 309456010877 154 983949 185 100 898 877 733922 524 896 725 376 823 331056 413 340 584 720625 726 120 826 092 610 747 393911 -
197 532 160 000 000 000 000 000 000 a'” x*7 -

1472405529912 961 636 445 048 730832 441 621 394 494 382 096 329029 160 929 187 601 296 169 800 741 143 595590318117 823 671 811 708 188 550 -
622 085 120 000 000 000 VOO 00V 0V a'® x!8 -

77 495027 890 155 875 602 370 985 833 286 401 126 026 020 110 333 106 797 943 641 452 699 798 410 565 323 347 136 332532517 035358 510957 292138 -
004 480 000 D00 OV VOV VL VP a® x*° -

3874751394507 793780118 549 291 664 320 056 301 301 005 516 655 339 897 182 072 634 989 920 528 266 167 356 816 626 625 851 767 925 547 864 606 .
900 224 000 00 OV VOV VOV PPV a2® x2° -

184511971167037 799053 264 251 984 015 240776 252 428 834126 444 757 008 670 125 475 710 501 346 007 969 372 220 315516 750 853 597 517 362 233 -,
344 000 000 000 000 000 000 a2t x?! -

8386907 780319 899 956 966 556 908 364 329 126 193 292 219 733020 216 227 666 823 885 259 568 243 000 362 244 191 832 523488675163 523 516 465 -
152 000 000 000 000 000 0L a2? x?2 —

364648164 361734780737 676387320188222877 969226944 913922444681 166 255 880 850793 173928793 225731848 847 333702761 892020224 -
000 000 000 V0 0PV 0V a3 x?3 -

15193673 515072 282530736516 138341175953 248717 789 371413435195 048 593 995 035 449 715 580 366 384 405 493701 972237 615078834176 -
000 000 00V VO 0OV VBV a%* x4 -

607 746 940 602 891 301 229 460 645 533 647 038 129 948 711 574 856 537 407 801 943 759 801417 988 623 214 655 376 219 748 078 889 504 603 153 367 040 -
000 000 0V POV VPV a%° x?° -

23374882330880434 662671563289 755655312690 335060 571405 284 915 459 375376 977 614 947 046 717 514 469 990 310 726 519407 813 591 040 -
000 000 VOV POV PPV a2’ x5 -

865 736382625201 283802 650492213172418988530928169 311 306 848720717 606 554 726 479 520 248 796 832 221 863 360 241 459 548 651 520 000 -.
000 000 000 000 a?” x?7 -

30919156522328617 278666089 007 613 300678 161 818 863 189 689 530311 454 200 234097 374 268 580314 172579352 262 865 766 412 451 840 000 -
000 000 000 000 a8 x?8 -

1066177811114 779906 160 899 620 952 182 782 005 579 960 799 644 466 562 463 937 939 106 806 009 261 390 143 882 046 629 753 991 945 256 960 000 -.
000 000 000 000 a%° x?° -

35539260370492 663 538696 654 031 739426 066 852 665 359 988 148 885 415 464 597 970 226 866 975 379671 462 734 887 658 466 398 175 232 000 000 -
000 000 000 a3° x3° _

1146427753 886860114151 504 968 765 787 937 640 408 559 999 617 705 981 144 019 289 362 156 999 205 795 853 636 609 279 305 367 683 072 000 000 .
000 000 000 a3t x3! -

35825867 308964 378567 234 530273 930873051262 767 499 988053 311 910 750 602 792 567 406 225 181 120 426 144 839 978 292 740 096 000 000 000 -
000000 a2 x32 -

1085632342 695890259613167 584058511304 583720227 272365251876 083 351599 774769 885 611 549 103 822 546 666 008 870 912 000 000 000 .
000000 a3 x33 -

31930363020467 360576857 870119367 979 546 580006 684 481 330937 531 863 282 346316 761 341 516150112427 843117 997 968 000 000 000 000 000

a34

X34 _
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912296 086 299 067 445 053 982 003410513 701 330857 333842323741 072338950924 180478 895 471 890 003 212 224 089 083 084 800 000 000 000 000
a35 X35 _

25341557 952751 873473696722 316958713 925857 148 162 286 770 585 342 748 636 782 791080429 774722 311 450 669 141 196 860 000 000 000 000
a36 X36 _

684 906 971 695 996 580 370 181 684 242 127 403 401 544 544 926 669 475 279 533 746 940 075 434 606 210 127 630 039 207 274 086 400 000 000 000 000 a>’
x37 18023867 676210436 325531096 953 740 194 826 356 435 392 807 091454 724 572 287 896 721 963 321 319 148 158 926 507 212 800 000 000 000 000
a38 X38 _

462150453236 165033987 976 844 967 697 303 239 908 599 815 566 447 557 040 315 074 274 922 136 444080 722 023 756 595 200 000 000 000 000 a3 x3° -

11553761 330904 125849 699421124192 432580997 714 995 389161 188 926 007 876 856 873053 411 102 018 050 593 914 880 000 000 000 000 a*? x*° —

281799056 851320142 675595637 175425184 902 383 292 570467 346 071 366 045 776 996 903 741 734 195 562 209 607 680 000 000 000 000 a** x** -

6709501353602 860539 895 134 218 462 504 402 437 697 442153 984 430 270620 137 547 545 327 184 147 513 385 943 040 000 000 000 000 a*> x*2 -

156034 915 200066 524 183 607 772 522 383823 312504 591 677 999 637 913 270 235 756 919 658 771 724 360 776 417 280 000 000 000 000 a*> x*3 —

3546248072728 784640536540 284599632 348011467 992 681809952574 323539929992 244811917 290 373 120 000 000 000 000 a** x** -

78805512727 306 325 345 256 450 768 880 718 844 699 288 726 262 443 390 540 523 109 555 383 218 042 606 452 736 000 000 000 000 a*° x*° -

1713163320158833159 679488060193 059 105 319 549 754 918 748 769 359 576 589 338 160 504 740 056 662 016 000 000 000 000 a*® x*° -

36450283407 634748 078 286 980 004 107 640538 713 824 572 739335518 288 863 602 939 585 207 235 248 128 000 000 000 000 a*” x*7 -

759380904 325723918297 645416752 242511223204 678598 736 156 631017 991 727 998 025 150 734 336 000 000 000 000 a*8 x*8 -

15497 569 476 035 182 006 074 396 260 249 847 167 820 503 644 872 166 461 857 510035 263 429 084 708 864 000 000 000 000 a*° x*° -

309951389 520703 640121487 925 204 996 943 356 410072 897 443 329 237 150 200 705 268 581 694 177 280 000 000 000 a°° x>° —

6077478225896 149 806 303 684 807 941 116 536 400 197 507 793 006 455 630 396 092 260 168 268 513 280 000 000 000 a°* x> —

116874581267 233650121224 707 845021471 853 849952 072 942 431 839 046 078 697 310 928 240 640 000 000 000 a°2 x°? -

2205180778627050002 287 258 638 585 310 789 695 282 114 583 819 468 661 246 767 873 791 098 880 000 000 000 a>> x°3 -

40836 681085 686111153467 752 566 394 644 253 616 335455 255 916 086 319 384 590 255 390 720 000 000 000 a°* x>+ -

742485110 648 838384 608504592116 266 259 156 660 644 641 016 656 114 897 901 641 607 104 000 OO 0OV a> X°° —

13258662 690157 828 296 580439 144933 326 056 368 940 082 875 297 430623 176 815 017 984 000 000 000 a°° x>° -

232608117 371189970115 446 300 788 303 965 901 209475138163 112817 950470438 912 000 000 000 a°” x>’ -

4010484782 261896036473 212082556964 929331197 847 209 708 841 688 801 214 464 000 000 000 a8 x°8 -

67974 318343421966 719884950551 812964903 918 607 579 825 573 587 945 783 296 000 000 000 a>° x>° -

1132905 305723 699445 331415842 530216081 731976792997 092 893132429 721 600 000 000 a%® x%° -

18572218126 618023693957 636 762790427 569 376 668 737 657 260 543 154 585 600 000 000 a°' x° —

299551905 268032 640225123173 593 393993054462 398994471944 244 428 800 000 000 a? x°2 -

4754792147 111629209922 590057037 999 889753 371412610665 781 657 600 000 000 a°3 x& -

74293627 298 619 206 405 040 469 641 218 748 277 396 428 322 041 652 838 400 000 000 a®* x® -

1142978881517 218560077 545 686 787 980742729 175 820 339102 351 360 000 000 a%° x°° -

17317861841169978182 993116 466484 556 708017 815 459 683 368 960 000 000 a®® x° -

258475549 868 208 629 596 912 186 066 933 682 209 221 126 263 930 880 000 000 a®” x°7 -

3801111027 473656317 601649 795101 965 914 841 487 150 940 160 000 000 a® x°8 —

55088565615 560 236 486 980431 813071969 780 311 407 984 640 000 000 a®° x°° -

786 979508793 717 664 899 720 454 472 456 711 147 305 828 352 000000 a’? x’° -

11084218433714333297179161 330597981847 145152512000000 a’* x’* -

153947 478 246 032 406 905 266 129 591 638 636 765 904 896 000 000 a’ x’2 - 2108 869 565 014 142 560 346 111 364 269022421 450 752000000 a’> x’3 -

28498237 365055980 545217 721138770573 262848000000 a’* x’* - 379976498 200 746 407 269 569 615 183 607 643 504 640000 a’> x’° -

4999690765799 294832494 337041 889574256 640000 a’® x’® - 64931048 906484 348473 952429115449016 320000 a”7 x77 -

832449344 954927 544537 851 655 326 269440000 a’% x’® - 10537 333480442120816 934 831080079360000 a’° x’° -
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131716668 505526510211 685 388 500 992 000 a%® x3% - 1626131709944 771731008 461 586 432 000 a8 x5! -

19830874511521 606475712946 176 000 a%2 x32 - 238926198 933 995 258 743529472000 a®* x® - 2844359511118991 175518 208 000 a®* x® -
33463053071988131476 684800 a® x% - 389105 268278931761 356 800 a%® x3 - 4472474348033 698 406 400 a7 x&7 -

50823572136 746572800 a%® x58 - 571051372322995 200 a® x5° - 6345015 248033 280 a°° x°® - 69 725442 286 080 a°* x°* -

757 885242240 a” X7 - 8149303680 a** x** - 86694720 a”* x™* - 912576 a®> x** - 9506 a°® x*® - 98 a%7 x*7 - a%® x*® + 2% > X' Gamma [- 2, a x])

Problem 47: Result more than twice size of optimal antiderivative.

Gamma[-2, aXx
J [-2, ]dlx

X
Optimal (type 5, 55leaves, 3 steps):

1 1 1 1 1
-~ Gamma[-2, ax] + —Gamma[-1, ax] + — a x HypergeometricPFQ[{1, 1, 1}, {2, 2, 2}, —ax] - — EulerGamma Log [x] - — Log[a x]?
2 2 2 2 4

Result (type 5, 121 leaves):
Gamma[-2, ax] Log[ax] +
1 (e?* (-1+3ax)

4 a? x?

+ 3 ExpIntegralEi[-a x] + 2 a x HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -ax] - 2 ExpIntegralEi[-ax] Log[x] +

2e?* (-1+ax) Log[ax
Log[x]2%+ ( ) glax]

+2 ExpIntegralEi[-ax] Log[ax] -2 Log[x] (Euler‘Gamma +Gamma [0, ax] + Log[aXx] )

2 2

as X

Problem 48: Result more than twice size of optimal antiderivative.
JGamma[fz, ax]

2

dx
X

Optimal (type 4, 18leaves, 1step):
Gamma[-2, aX]
aGamma[-3, ax] - ——m
X
Result (type 4, 48 leaves):
1

6

e (2-ax+a’x?) ) 6 Gamma[-2, aXx]
+a ExpIntegralEi[-ax] -
a? x3 X

Problem 49: Result more than twice size of optimal antiderivative.

Gamma[-2, aX
J [-2, ]dlx

x3
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Optimal (type 4, 25leaves, 1step):

1, Gamma[-2, aX]
—a“Gamma[-4, ax] - ———
2

2 x?
Result (type 4, 68 leaves):
1 1 1 a 1 . Gamma[-2, aX]
e X ( - + - - — a’ExpIntegralEi[-ax] - ———
8a2x* 24ax® 48x?> 48x) 48 2 x?

Problem 50: Result more than twice size of optimal antiderivative.

Gamma[-2, ax
J (-2, ]dlx

x4

Optimal (type 4, 25leaves, 1 step):
1. Gamma[-2, aXx]
—a’Gamma[-5, ax] - ——————
3 3x3

Result (type 4, 78 leaves):

- + - + + a’ ExpIntegralEi[-ax] -

. [ 1 1 1 a a? 1 Gamma[-2, aX]
e a7, 921
15a2x> 60ax* 180x3 360x> 360x 360 3x3

Problem 51: Result more than twice size of optimal antiderivative.

jxlee Gamma[-3, ax] dx

Optimal (type 4, 25leaves, 1step):

1 Gamma [98, a x
—— x'! Gamma[-3, ax] - Gamma (38, ax]

101 101 at@?

Result (type 4, 804 leaves):
1 e—ax
101 %!
(-96192759682482119853 328425949563 698712343813 919172976 158 104477 319 333 745 612 481 875498 805 879 175 589072 651 261284189679 -
678167 647 067 832 320 000 000 000 0OV 000 000 PO —
96192759682482119 853 328425949563 698712343 813919172976 158104 477 319 333 745 612 481 875 498 805 879 175 589072 651 261 284 189679 -
678167 647 067 832 320 000 000 000 0OV 0OV 000 VOO a X -
48096 379 841241 059 926 664 212 974 781 849 356 171 906 959 586 488 079 052 238 659 666 872 806 240 937 749 402 939 587 794 536 325 630 642 094 839 .
839083823533 916 160 000 000 000 0O 0OV 000 V0 a* x> -
16032126613 747019 975554737 658 260616 452057 302 319862 162 693 017 412 886 555 624 268 746 979 249 800 979 862 598 178 775 210214031613 -
279694 607 844 638 720 000 000 000 000 0OV 0OV 800 a> x> -
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4008 031653436754993888684414565154113014 325579 965540673 254 353221 638 906 067 186 744 812 450 244 965 649 544 693 802 553 507 903 -
319923651961 159 630 000 000 000 OO OOV 0V PRV a* x* -

801 606 330687 350998 777 736 882913030 822 602 865115 993 108 134 650 870 644 327 781 213 437 348 962 490 048 993 129 998 938 760 510 701 580 663 -
984 730392 231 936 000 000 000 000 0O POV PV a° X° —

133601055114 558 499 796 289 480 485 505 137 100477 519 332 184 689 108 478 440 721 296 868 906 224 827 081 674 832 188 318 156 460 085 116 930 110 -
664121732038 656 000 000 000 000 0RO POV VOV a° x° —

19085 865 016 365499 970898497 212 215019 585 782 502 761 740 669 872 639 777 245 899 552 700 889 261 011 667 833 169 759 736 637 155 016 704 301 -
523445961 719 808 000 000 000 000 0OV RV POV a’ X’ -

2385733127 045687496 362312151526 877 448 222 812 845217 583734079 972155737 444087 611 157 626 458 479 146 219967 079 644 377 088 037 .
690430 745 214 976 000 000 000 00O RO POV 0V a x® —

265081458 560 631 944 040 256 905 725 208 605 358 090 316 135 287 081 564 441 350 637 493 787 512 350 847 384 275 460 691 107 453 293 819 676 448 632 -
270082 801 664 000 000 0OO OOV VOV VRO BV a° X° —

26508 145 856 063 194 404 025 690 572 520 860 535 809 031 613 528 708 156 444 135063 749 378 751 235 084 738 427 546 069 110 745 329 381 967 644 863 -
227 008 280 166 400 000 000 00O VOV VO VP a® x'° -

2409831441460 290400 365971 870229169139 619002 873 957 155 286 949 466 823 977 216 250112 280430 766 140 551 737 340 484 489 269 785 896 -
657 000 752 742 400 000 000 000 000 000 000 a' x*! -

200819286788 357533 363830989 185 764 094 968 250 239 496 429 607 245 788 991 998 101 354 176 023 369 230511 712 644 778 373 707 439148 824 721 -
416729 395 200 000 000 000 000 0BV 8OV a'? x*? -

15447 637 445258271797 217 768 398 904 930 382 173 095 345 879 200 557 368 377 076 777 027 244 309 489 940 808 593 280 367 567 208 264 549 909 593 -
955133 030 400 000 000 000 000 00 V00 a'3 x!3 -

1103402 674661 305128372697 742 778923 598 726 649 667 562 800 039 812 026 934 055 501 946 022 106 424 343470 948 597 683 372018 896 422113 -
853938073 600 000 000 VOO 0OV VBV POV a4 x4 -

73560178310753 675224 846 516 185261573 248443 311170853 335987 468 462 270 366 796 401473 761622 898 063 239 845 558 134 593 094 807 590 -
262538 240 000 000 000 000 000 000 a'> x*° -

4597511144422 104701552 907 261578 848 328027 706 948 178 333499 216 778 891 897 924 775092 110101431128 952 490 347 383412 068425474 -.
391 408 640 000 000 VOO VOO VOV PV a'® x6 —

270441832024 829 688326641 603 622 285195 766 335702 834019 617 600 986 993 641 054 398 534 830 005 966 536 997 205 314 551 965415 789733787 -
729 920 000 000 000 000 RV 800 a” x17 -

15024 546 223 601 649 351 480 089 090 126 955 320 351 983490 778 867 644 499 277 424503 022 140 823 889 220 363 166 511 406 363 998 078 654 985 210 .
429 440 000 000 000 0RO POV 000 a*® x'8 -

790765590 715 876 281 656 846 794 217 208 174 755 367 552 146 256 191 815 751 443 394 895 902 148 625 748 440 166 658 495 071 789 372 560 788 695 285 -.
760 000 000 000 0OV 00 POV a*° x*° -

39538279535793814 082842 339 710 860408 737 768 377 607 312 809 590 787 572 169 744 795 107 431 287 422 008 332 924 753 589 468 628 039 434 764 -
288 000 000 000 VOV POV PPV a%° x2° -

1882775215990181 622992492 367 183 828987512779 886 062 514 742 418 455 817 606 895 005 115 775 591 524 206 329 750 170 927 077 525 687 369 -
728 000 000 D0 OV VBV POV a2t x?! -

85580691 635917 346 499 658 743 962 901 317 614 217 267 548 296 124 655 384 355 345 767 954 777 989 799 614 736 651 352 280 496 685 342 076 698 624 .
000 000 VOV PV BV PV a2 x?2 -

3720899636344 232456 506 991 911430492 070183 359458 621570637 190 624 145468 171 946 869 121 722 379 854 406 620 891 160 232 264 204 288 .
000 000 00V POV 0B BBV a23 x> -

155037484 847 676 352 354 454 246 309 603 836 257 639977 442 565443 216 276 006 061 173 831 119 546 738432493 933 609 203 798 343011 008 512 000 -
000 000 000 0PV 000 a%* x4 -

6201499 393907054 094178 169 852 384 153 450 305 599097 702 617 728 651 040 242 446 953 244 781 869 537 299 757 344 368 151 933 720 440 340 480 .
000 000 000 VOV BV a%° x?° -
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238519207457 963 619 006 852 686 630 159 748 088 676 888 373 177 604 948 116 932 401 805 894 030 071 905 280 759 897 860 313 535912 324 628 480 000 -.
000 000 0V POV a2 x2° -

8834044720 665319222476025430746657 336617 662 532339911 294 374701 200 066 884 964 076 737 232 620 736 957 789 390 218 974 986 240 000 .
000 000 000 000 a?” x?7 -

315501597 166 618 543 659 858 051 098 094 904 879 202 233 297 853 974 799 096 471 430 960 177 288 454 901 165 026 319 921 049 650 677 678 080 000 000 .
000 000 000 a2 x?8 —

10879365419 538570471 029 587 968 899 824 306 179 387 355098412 924 106 774 876 929 661 285 808 789 695 345 735 169 691 367 264 747 520 000 000
000 000 000 a° x?° -

362 645513984619 015 700 986 265 629 994 143539312911 836613 764 136 892 495 897 655 376 193 626 323178191 172 323 045 575 491 584 000 000 000 -
000000 a3° x3° -

11698242 386 600 613 409 709 234 375161 101 404 493 964 897 955 282 714 093 306 319 279 205 683 665 365 263 812 618 462 033 728 241 664 000 000 000 -
000000 a3 x3! -

365570074581 269169053413574223 784418 890436403 061 102 584 815415822477 475177 614542 664 494144 326 938 554 007 552 000 000 000 000 -.
000

a32

X

11077881047917 247547073 138612841952087588981910942502570164115832650762958016444378610434149653151 744000000 000 000 000

32

333
X33 _

325820030821 095516090 386429789469179046734762086544193240121053901493028176954246429718651460 386816000000 000 000 000
234 34 _

9309143737 745586174011 040 851 127 690 829 906 707 488 186 976 949 717 744 397 185 515090 770 121 326 563 390 041 725 337 600 000 000 000 000
a35 X35 _

258587 326 048 488 504 833 640 023 642 435 856 386 297 430227 416 026 381048 455477 375419188058 925 737 871 945 603 481 600 000 000 000 000
a36 X36 _

6988 846 649 959 148 779 287 568 206 552 320 442 872 903 519 659 892 604 893 201 499 388 524 842 920 511 506 428 971 502 796 800 000 000 000 000 a3’ x>’ -
183917017 104 188125770725479119 797 906 391 392 197 885 786 647 497 189 513 141 803 285 340 013 460 695 499 250 073 600 000 000 000 000 a2 x38 -

4715820951389439122 326294 336405074522 856 210202199 657 628 133064 439533417572 820857 966 551 262 822 400 000 000 000 000 a3 x3° -

117895523784 735978058157 358 410 126 863 071 405 255054 991 440 703 326 610 988 335439 320521 449 163 781 570 560 000 000 000 000 a*? x*° -

2875500580115511 659955057522 198216172473 298 903 780 279 041 544 551 487 520 376 568 793 206 077 165 404 160 000 000 000 000 a** x** -

68464 299526559 801427 501 369 576 148 004 106 507 116 756 673 310512 965511 607 628 013 542 695 382 789 652 430 000 OO 0OV 0OV a*? x*? -

1592193 012245576777 383 752 780 840 651 258 290 863 180 387 751407 278 267 711 805 302 640 527 799 599 759 360 000 000 000 000 a*> x** -

36186204 823763108576 903472291 832983142974 163190630713 801778811631938696 375 631 809 085 440 000 000 000 000 a** x** -

804137884972513523931188273151 844069 843 870293125126 973 372 862480 709 748 808 347 373 535 232 000 000 000 000 a*> x*> -

17481258 368 967 685 302 851 918 981 561 827 605 301 528 111415 803 768 975 271 319 777 148 007 551 598 592 000 000 000 000 a*° x*° -

371941667 424 844 368 145 785 510 245 996 332 027 692 087 476 931 995 084 580 240 846 322 298 033 012 736 000 000 000 000 a*’ x*7 -

7748784738017 591003 037198130124 923583 910251 822436083 230928 755017 631 714 542 354 432 000 000 000 000 a*8 x*8 -

158138464041 175 326 592 595 880 206 631 093 549 188 812 702 777 208 794 464 388 114932 949 843 968 000 000 000 000 a*° x*° -

3162769280823506531851917 604132621 870983776 254055544175 889 287 762 298 658 996 879 360 000 000 000 a°° x°° —

62015083937 715814 350037 600 081 031 801 391 838 750 079 520474 037 044 858 084 287 431 311 360 000 000 000 a°* x°* -

1192597 768 032 996 429 808 415 386 173 688 488 304 591 347 683 086039173 939 578 543 989 063 680 000 000 000 a2 x>2 -

22501844679 867 857 166 196 516 720 258 273 364 237 572 597 794076 210 829 048 651 773 378 560 000 000 000 a>> x> -

416700827 404960 317 892 528087 412 190 247 485 880 974033 223 633 533 871 271 329 136 640 000 000 000 a°* x°* -
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7576378 680090 187 598 045 965 225 676 186 317 925 108 618 785 884 246 070 386 751 438 848 000 000 000 a°> x>° —
135292476 430181921 393677 950458 503 327 185 805 511 049 747 932 965 542 620 561 408 000 000 000 a°° x>° -
2373552218073 367041994 350008 043 918 019 400 096 685 083 297 869 570 923 167 744 000 000 000 a°>’ x°7 -
40923314104713224 861971551862 826172748277 529053 160 294 302 946 951 168 000 000 000 a°8 x> -

693 615493 300224150 202 907 658 691 969 029 631 822 526 324 750 750 897 405 952 000 000 000 a>° x°° -
11560258221 670402 503381794 311532817 160 530 375 438 745 845 848 290 099 200 000 000 a%° x°°
189512429863 449221 366 914 660 844 800 281 320170089 159 767 964 726 067 200 000 000 a°* x°* -
3056652094 571761 634950236465 238714214 841453050963 999431065 600 000 000 a% x°2 -

48518287 215424787 856 352 959 765 693 876 426 054 810 332 761 895 731 200 000 000 a°> x5 -

758098237 741012310 255 514 996 338 966 819 157 106 411 449 404 620 800 000 000 a* x5 -

11663 049811400189 388546 384559061027 987 032 406 329 990 840 320 000 000 a®> x& -

176712875930 305 899 826 460 372 106 985 272 530 794 035 302 891 520 000 000 a®® x°° -
2637505610900088057 111 348 837417 690 634 787 970676 162 560 000 000 a®” x°7 —
38786847219118942 016343 365256142 509 335117 215 825 920 000 000 a8 x°8 —

562128220566 941188642 657 467 480 326 222 248 875 591 680 000 000 a®° x°° -

8030403150956 302 694 895 106 678 290 374 603 543 937 024 000000 a’® x7° -

113104 269731778911 195705 727 863 244 712725970944 000000 a’! x’! - 1570892 635163 595 988 829 246 220 322 843 232 305152000000 a’2 x’2 -
21519077 194021 862 860 674605 757 847 167 565 824000 000 a’> x’3 - 290798 340459 754 993 522 629 807 538 475 237 376000 000 a’ x’* -
3877311206 130065 380301730767 179669831680000 a’> x’> - 51017 252712 237 702 372 391 194 304 995 655 680000 a’® x’° —

662 561723535554 576264 820705 259683840000 a’’ x’7 - 8494381070968 648413651 547 503329280000 a’% x’% -

107523811024 919600172804 398776320000 a’° x’° - 1344047 637 811495002 160 054 984 704 000 a®® x8° -

16593180713722160520494 505 984 000 a%! x8! — 202355862 362465372201152512000 a® x32 - 2438022438101 992 436 158464000 a® x&3 -
29024076 644071 338525 696 000 a®* x3* - 341459725224 368688537 600 a%> x® - 3970461921 213589401 600 a%® x5 -

45637493347 282636800 a®” x¥” - 518607 878 946 393 600 a%® x® - 5827054819622 400 a%° x¥ - 64745053551 360 a°® x°° -

711484104960 a°' x°' - 7733522880 a®> x°* - 83156 160 a”> X - 884640 a®* x** - 9312 2% x** - 97 2% x*® - 2% x¥7 + a'®! ** x'* Gamma [- 3, a x] )

Problem 55: Result more than twice size of optimal antiderivative.

JGamma [-3, ax] dx

Optimal (type 4, 18leaves, 1step):

Gamma|[-2, aX]

XGamma[-3, ax] - ——
a

Result (type 4, 40 leaves):

1 (e?®X (*1 +a X) ExpIntegralEi[-ax]
— + +2XxGamma[-3, aXx]
2 a® x? a
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Problem 56: Result more than twice size of optimal antiderivative.
JGamma[73, ax]

X

dx

Optimal (type 5, 64 leaves, 4 steps):

1 1 1
-—Gamma[-3, ax] + —Gamma[-2, ax] - —Gamma[-1, aXx] -
3 6 6

1 1 1
— a x HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -ax] + — EulerGamma Log[x] + — Log[a x]?
6 6 12

Result (type 5, 145leaves):
Gamma[-3, ax] Log[ax] +
1 (e?®*(-4+5ax-11a%x?)

36 a3 x3

- 11 ExpIntegralEi[-ax] - 6 a x HypergeometricPFQ[ {1, 1, 1}, {2, 2, 2}, -ax] + 6 ExpIntegralEi[-a x] Log[x] -

6e?* (2-ax+a?x?+a®e? x?ExpIntegralEi[-ax]) Log[ax]

3Log[x]?%- +6Log[x] (EulerGamma + Gamma[@, ax] +Log[ax])

a3 x3
Problem 57: Result more than twice size of optimal antiderivative.
JGamma[—3, ax]

2

dx
X

Optimal (type 4, 18leaves, 1step):

Gamma|[-3, ax]

aGamma[-4, ax] -
X

Result (type 4, 66 leaves):

- - — aExpIntegralEi[-ax] -

ax [ 1 1 1 1 1 Gamma [-3, aXx]
e + -
4a3x* 12a?x3® 24ax®? 24x 24 X

Problem 58: Result more than twice size of optimal antiderivative.
JGamma[—B, ax]

x3

dx

Optimal (type 4, 25leaves, 1step):

1, Gamma [ -3, ax]
—a“Gamma[-5, ax] - ——m

2 2 x?
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Result (type 4, 78 leaves):
ax ( 1 1 1 1 a 1 Gamma[-3, aXx]
e - - = -

+
10a3x® 40a?x* 120ax3

+ + — a? ExpIntegralEi[-ax] -
240 x%> 240x/) 240 2x?

Problem 59: Result more than twice size of optimal antiderivative.

dx
4

JGamma [-3, ax]

X

Optimal (type 4, 25leaves, 1step):
1, Gamma[-3, aXx]
—a°Gamma[-6, ax] - ————
3 3x3

Result (type 4, 88 leaves):

+ - + - - -

ax [ 1 1 1 1 a a? a® ExpIntegralEi[-ax] Gamma[-3, aXx]
e _
18a3x® 9@a2x> 36@ax* 1080x> 2160x> 2160X 2160 3x3

Problem 60: Result more than twice size of optimal antiderivative.

Jxlee Gamma | l, ax| dx
2

Optimal (type 4, 29leaves, 1step):
203

1 203
—— x* Gamma [ —, ax]| - 2
101 2 101 gte?

Gamma [ 222, ax]

Result (type 4, 856 leaves):
1

e ¥ (—2\/aix
256065421 246102339102 334047 485952 31!
(1339928042684 663702626 654 216 353 741 866 828 222 367 324 552 136 009 000 175 903 930 373 973 956 200 201 339 808 971 908 813 302 485 337 -
859343555595 880232757 068 702 494 068 539027 184 400 769 291 974 725 364 464 819 431 304 931 640 625 +
893285361789 775801751102 810902494 577 885481578 216 368 090 672 666 783 935 953 582 649 304 133467 559 872 647 939 208 868 323 558 572 .
895703730586 821838045801 662712359351456267 179527 983150242976 546 287 536621093 750 a X +
357 314144715910 320700441124 360997 831154192 631 286 547 236 269 066 713 574 381433059 721 653 387023 949059 175 683 547 329423429 -
158281492 234728735218320 665084 943 740582506 871811193 260097 190618 515 014 648 437 500 a2 x> +
102 089755633117 234485840321 245999380329 769323224727781791161918164 108 980 874 206 186 682 006 842 588 335909 584 951 263 836 -
902 366 140 638 493 924 348091 618 595 698 211 595 001 963 374 626 645 742 054 462 432 861328125000 a> x> +
22686612362 914940996 853404 721333195628 837627383272 840398035981 814 246 440194 268 041 484 890 409 464 074 646 574433614185 -
978303 586 808 554 205 410 687 026 354 599 602 576 667 102 972 139 254 609 345 436 096 191 406 250000 a* x* +
4124838611439080181 246073 585696 944 659 788659 524 231425526 915633057 135716 398957 825724 525528 993468117 558987929851 -
996 055197 601 555 310074 670 368 428 109 018 650 303 109 631 298 046 292 608 261 108 398 437 500000 a° X° +
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634590555606 012 335576 319013184 145332275178 388 343 296 234 910097 393 405 494 830 608 896 265 311 619 845 148 941162 921 219977 230 -
162338092546 970780718518 219 7809079 792 354 324 558 661 237 891 170 501 708 984 375 000 000 a® x° +

84612 074080801 644743509 201 757 886 044 303 357 118 445772 831321 346319120732 644081 186 168 708 215979 353192 155056 162 663 630 -
688311 745672929437429135762627 877 305647 243 274488 165052 156 066 894 531 250000000 a’ x’ +

9954361656 564 899 381 589 317 853 868 946 388 630 249 228 914 450 743 687 802 249497 958 127 198 372 789 201 879 923 904 959 418 372078 074 .
198624 911 255638 757 344 604 207 367 985 565 370 263 914 645 666 476 724 243 164 062 500 000 000 a® x® +

1047827542796 305198 062 033458 301 994 356 697 920 971 464 679025 651 347 605 210 311 381 810 355 030 442 303 149 884 732 570 354 955586 -
757 749 990 658 488 290 246 800 442 880 840 585 828 448 833120 596 471 234 130 859 375 000 000 000 a° x° +

99793099 313933 828386860 329362094 700637 897 235377588478 633461676 686696322077 176 669 565933633 322 355482 890948151119 -
785713396046 503833028613 607 699103412 233222201961 568 688 964 843 750 000 000 000 a® x'° +

8677 660 809 907 289 424 944 376 466 269 104 403 295411 771 964 215 533 344 493 624 930114 963 232 753 875 298 576 810 639 607 207 908 534 879 .
981366 382264 913 376 785096 835 452 095 948 889 845 408 866 223 364 257 812 500 000 000 000 a*? x* +

694212864 792583153995550117 301528 352263 632941757137 242 667 559 489 994 409 197 058 620 310 023 886 144 851 168 576 632 682 790 398 .
509310581193070 142 807 746 836 167 675911 187 632 709 297 869 140 625 000 000 000 000 a'? x'2 +

51423175169 820974 370040 749 429 742 840 908 417 254 944 973 129 086 485 888 147 734 014 596 934 837 779 547 121 840 827 301972791317 807 -
296 985968 977 264 455022 796 061 938 346 363 791 676 496 985 027 343 750 000 000 000 000 a3 x13 +

3546425873780756 853106258581 361575235063 258961 722 284 764 585 233 665 360 966 523 926 540 536 520491 161 436 365 653 295952 952 -
227378342 688087 203794 675590478 506 645 778 736 310 136 898 437 500 000 000 000 000 a'* x4 +

228801669276177 861490726 360087 843563 552468320111115146102273139700707 517672 680034614 225236221 701009 890061480788 -
863118883102400244817 780030871396 501 853955492 703 125 000 000 000 000 000 a*> x° +

13866 767 834919 870393 377 355156 839003 851 664 746 673 400917 945592 311497012 576 828 647 274825104 559771012 182417 579483 684 -
173522356551 660 620 898 047 274 598 266 454 657 815 484 406 250 000 000 000 000 000 a'® x° +

792386733423 992593907 277437533657 362952 271238480052454 033846371257 861533065 558561434 546272629 267 566 718 827 639095 .
629 848945809 178 337031272 834186 654 551 875 170 537 500 000 000 000 000 800 a'” x*7 +

423831715320215815 886 879 861 488 305 803 402 825472 350273 105623451 155203127 650435976 138455921420142122571173 990683194 -
358370213 286982612812 501 234280 359 705 506 765 975 000 000 000 000 000 800 a'® X8 +

2196498221 549529019 839 992 896 836 195 046 298 742 171 808 877 211 459 033 600 160 392 330 050 058 382 354944 622 672 952 367 896958 112 -
531198472476 255518 605 769 294 065 659 472 077 270 050 000 000 000 000 000 000 a'® x*° +

107146 254709733122 919024043 748 107 075429 206 935 210189 132 266 294 321 959 043 528 295 124 799 139 265 591 349 900 115 507 168 688 416 -
156023047 622 220419793624 100 763 876 686 696 100 000 000 000 000 000 000 a2® x2° +

4983546 730685261531117 397 383632887 229 265438 846 985 541 035 641 596 370188071 083 494 176 704 151 887 969 762 796 070 100 869 228 -
658419 676633591647 432261586082 040776125 400 000 000 000 000 000 000 a! x?! +

221490965 808 233845827 439883717017 210189 575059 866 024 046 028 515 394 230 580 937 044 185 631 295 639 465 322 790 936 448 927 521 273 -
707 541183715184 330322737159201 812272 240 000 000 000 000 000 000 a2 x?% +

9425147 481201440247 976 165 264553 923 837 854 257 866 639 321 107 596 399 754 492 805 831 667 473 672 154 870 864 799 614 316 975 639 203
136491114 200646 141715861 155 710 715 415 840 000 000 000 000 000 000 a2> x3 +

384699897191 895520325557 765 900 160 156 647 112 565 985 278 412 554 955092 020114 523 741 529 537 638 974 321012 229 155 794 924 049 107 .
611882212271271 090443 312 477 988 384 320 000 000 000 000 BP0 000 a%* x?* +

15086 270478113549 816 688 539839221966 927 337 747 685 697 192 649213925177 259 393087 903119123097 032 196 558 006 109 604 864 670 -.
886740478912 598 866 291 894 606 979 936 640 000 000 00V DOV OOV POV a2° x2° +

569293 225589190559120 322 258083 847 898 578 782931 535743118 838261327443 750682 562 381853701 774799 870113 438 098 296 780033 -
461904 864 626 372312 901 683 282 261 760 000 000 000 0B 0OV BV a2 x2° +

20701571839606929422557 173021 230829402 864833874027 022503 209 502 816 136 388456 813 885 589 155447 268 004 125 021 756 246 546 -
671341995077 322629560061 210 264 064 000 000 000 000 00V 000 a2’ x*7 +
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726370941 740594014 826 567 474429151 908 872 450 311 369 369 210638 929923 373 206 612 519 785459 268 612 184 842 250 000 763 377071 813 -
029543686923 601 037 195 130 184 704 000 000 000 000 000 0V a8 x2& +

24622743787 816 746 265 307 372014 547 522 334659 332588 792176 631 828132 995 701 919 068 467 303 704 020 752 028 550 847 483 504 307 519 -
085747 243624528 848718 478 989 312 000 000 000 000 000 000 a2° x*° +

807 303075010385 123452 700721788443 355234732216025973004322233868711538330113682088656418099 296 749097 819813361281 -
499909627033 732744 868 163 584 000 000 000 000 000 000 a3 x3° +

25628669047 948 734077 863514977 410900 166 181 975111 935 650 930 864 567 260 683 756 511 545 463 131 949 780 930 055 526 914 914 709 881 -
952378083397 896 277 614 862 336 000 000 000 000 00V 000 a3! x3! +

788574432 244576 433165031230074 181543574 830003 444173 874795832 838790269431124475788675377 874770939289 689 683 380983 -
150094 873781423926 611 148 800 000 000 000 000 0V a>? x>2 +

23539535290 882 878601 941 230 748 483031151487 462 789 378 324620771129 516 127 445 705 208 232497 772 473 873 759 381 781781593 462 -
183584921605 415 639 600 332 800 000 000 VOV OV PV a3 x>3 +

682 305370750228 365273 658 862 274 870468 159 056 892 445 748 539 732 496 507 713 839 005 948 064 710 080 361 561 558 242 950 196 567 926 440 .
103910771171 467 814 502 400 000 000 000 000 000 a3* x3* +

19219869598 597 982120 384 756 683799168 117 156 532 181 570 381 400 915 394 583 488 422 702 762 386 199 446 804 550 936 421 132 297 688 068 -.
735321430173 844163 788 800 000 000 000 000 000 a>> x> +

526571769 824 602 249 873 554977 638333373072 781703 604 667 983 586 723139 273 655416 514037 978067 035 741 121 545 784 446 512 001 883 -
159491237 639 566 131 200 000 000 000 0RO 8OV a>° x3° +

14041913 861989 393329961466 070 355556 615274178762 791 146 228 979 283 713 964 144 440 374 346 081 787 619763 241 220918 573 653 383 -
550919 766 337 855 096 832 000 000 000 000 000 a3’ x37 +

364725035 376 347 878 700 297 820 009 235 236 760 368 279 553 016 785 168 293083 479 588 167 282 450 547 578 899 214 629 642 101 781133854118 -
205708 216 546 885 632 000 000 000 000 0V a38 x38 +

9233545199401 212118994 881519221 145234439703 279823209751 096027 429 862991576 770899 938 706 309 231 130179791927 439344 .
764701473 836 630 016 000 000 000 000 00V a* x3° +

227988770 355585484 419626 704178 299 882 331844525427 733574101136479 749703495722 738270091513 808 176 053 822022 899 736 907 .
770406 761 398 272 000 000 000 000 0V a*® x*° +

5493705309 773 144 202 882571185019 274273056 494 588 620086 122 918 951 319 269 963 752 355 139038 349 730 317 495 272 819 828 999 323 -
078 804 982 202 368 000 000 000 0BV 0OV a*! x*! +

129263654347 603 393009 001 674 941 629 982 895 446 931 496 943 202 892 210 619 276 940 323 584 826 800 902 346 595 705 771 125 172 444 925 248 -.
913 058 404 761 600 000 0RO POV VOV a*? x*? +

2971578260 864 445 816 298 889079117 930641 274642 103 378 004 664 188 749 868 435 409 737 582 225 308 099 921 740 362 554 601 665 400 580 -
434782951 833 600 000 000 000 000 a*3 x** +

66 777 939569 987 546 433 682 900 654 335520028 643 642 772 539430 655 926 963 335627 185114 207 310 294 380 263 828 372013 520570799 560 -
332201 164 800 000 000 000 000 a** x** +

1467627 243296429591 949 074 739 655 725 714 915 244 896 099 767 706 723 669 523 859 938 134 378 182 643 832 533 270 953 231 066 386171418 -
908 400 025 600 000 00V VL VPV a*> x*° +

31561876199923217 031162897 627 004 854084 198 814 969 887 477 563 949 882 233547 056 653 294 250 405 000 715 504 370 560 567 444 546 643 -.
191 398 400 000 00 VOO POV a*® x*° +

664460551577 330884 866 587 318 463 260 085 983 132 946 734473 211872629099 653 622 245332510 534 842120 326 407 801 275 104 095 718 804 .
029 440 000 000 000 0BV a*” x*7 +

13700217558 295482162197 676 669 345 568 783 157 380 345 040 684 780 878 950 508 322108 151 185 784 223 548 872 709 439 201 548 538 056 057 -
815 040 000 000 000 0BV a8 x*8 +

276772071884 757215397932 862006 981 187 538532 936263448177 391493949663 072 891 943 147 156 031 290 357 766 448 516 132 081 940 561 -
920000 000 000 000 a*° x*° +
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5480635086 826 875552 434314099 148142 327 495 701 768 187092 621 613 741 577 486 591 919 666 280 317 451 294 213197 000 319447 167 139 -
840000 000 VO 0PV a°° x°° +

106 420098 773 337 389 367 656 584 449 478 491 796 833 042 877 419 274 206 092 069 465 759 066 401 286 996 455 364 936 178 582 530474 702 274 560 .
000 000 000 000 a°* x°! +

2027049500444 521702241077 799 037 685558 019 677 007 188 938 556 306 515 608 871 601 264 786 418 980 102 189 260 544 429 151 899 090 944 -.
000 000 000 0O a°2 x°? +

37888775709 243396303 571547 645564 216 037 750 972 096 989 505 725 355431 941 525 257 285 727 457 572 003 537 580 269 703 773 814 784 000 .
000 000 000 2> x°3 +

695 206 893 747 585 253 276 542 158 634 205 798 857 816 001 779 623 958 263 402 420 945 417 564 875 733 166 458 780 506 059 994 564 657 152 000 000 -

000 000

25

x4+

12526 250337794328 887 865624479 895599979420108140173404653394638215232748916679876873131180289369271435 264000000 -
000 000

a55

X":’5 +
221703545801669537838329636812311504060532887436697427493710410889075202065130564126215580342818963 456000000000 -

000

a56

X8 +

3855713840029035440666 602 379 344547 896704919781507781347716702798070873079393575028 282010092918 590668 800 000 000 000

a57
x>7 +
65909 638291094 622917 377 818 450 334 152 080425979171 073 185 431 054 748 684 972 189 391 343 162 876 615 557 143 907 532 800 000 000 000
a58
X58+
1107725013 295707 948191 223 839501414 320679428221 362 574 545059 743 675 377 683 855 316 691 813 052 362 304 939 622 400 000 000 000
a59 X59 +
18309504 351995172 697 375600 652 915939184 783 937543183050 331566011163 267 501 740 771 765 504 997 724 048 588 800 000 000 000
a60 X60 +
297715517918 620694 266 269 929 315 706 328 207 868 903 141 187 810 269 366035175081 329118 240089512158 114 611 200 000 000 000 a®! x°®* +
4763448286 697 931108 260 318 869 051 301 251 325 902 450 259 004 964 309 856 562 801 301 265 891 841 432194 529 833 779 200 000 000 a2 x52 +
75014933 648786 316 665 516 832583 485059075 998 463 783 606 377 390 706 402 563 800 019 935 304 589 483 378422 579 200 000 000 a®> x5 +
1163022227112 966149852974 148 581163 706 604 627 345 482 269416 910176 783 934 884030004 722 317 571 758 489 600 000 000 a* x* +
17 756 064 536075 819 081 724 796 161 544 484 070 299 654 129 500 296 441 376 744 792 898 992 824 499 577 367 507 763 200 000 000 a®° x5 +
267 008489264 298031304 132273105932091 282 701565 857 147 314 907 920974 329 308 162 774 429 734 849 740 800 000 000 a°® x°° +
3955681322434 044908 209 367 008 976 771722 706 689 864 550 330 591 228 458 878 952 713 522 584 144 219 996 160 000 000 a®” x5 +
57747 172590278027 857071051 225938 273 324185 253497085118 120123 487 283981 219 307 797 725 839 360 000 000 a°® x°8 +
830894 569 644 288170 605 338 866 560 262 925 527 845 374058 778 677 987 388 306 244 334 090 759 679 508 480 000 000 a®° x*° +
11785738576 514725824189 203 780996 637 241529721 617 855 016 709 040 968 882 898 355 897 300418 560000000 a’° x’° +
164 835504 566 639522016632 220713239681 699716 386 263 706 527 399 174 389 970 606 376 186 019 840000000 a’* x’* +
2273593166436407 200229409940872271471720226017 430434860678 267 447 870432774979 584000000 a’2 x’ +
30933 240359679009 526 930 747 494 860 836 349 935047 856 196 392 662 289 353032 250 786 054 144000000 a’> x> +
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415211279995 691 403 046 050 301 944 440 756 374 967 085 318072 384728 716 148 083 993 168 512800000 a’* x’* +
5499487152 260813 285378149 694 628 354389072411 726067 183 903 691 604 610 382 823424000000 a’° x’° +
71888720944 585 794 580 106 531 955 926 201 164 345 251 321139658 871 785681 181474816000 000 a’® x’° +
927 596 399 284 977 994 582019 767 173 241 305 346 390339 627 608 501 571428 144 277 094400000 a’7 x”7 +
11816514 640572 968 083 847 385 569 085 876 501 227 992 415 638 324 860 782 524 130918 400000 a’8 x78 +
148 635404 283936 705457 199 818 479067 628 946 262 923 467 148 740 387 201 561 395 200000 a’° x’° +
1846402537 688654 726 176 395 260 609 535 763 307 613 956 113 648 948 909 336 166 400 000 a%® x° +
22655245861210487437747181111773444948559680443112 257 041 832 345600000 ad! x8! +
274 609 040741 945302 275 723 407 415 435 696 346 177 944 764 997 055 052 513 280 000 a%2 x82 +
3288731026849 644338631418052879469417 319496 344490982 695 239680000 a3 x83 +
38919893808 871530634691 337903 899 046 358 810607 627 112 221 245 440000 a%* x3* +
455203436361 070533739079 975484199372617 667 925463 300 833 280000 a® x°° +
5262467472 382318309122 311855308663 267 256 276 594 951 454 720 000 a® x5 +
60142 485398655 066 389 969 278 346 384 723 054 357 446 799 445 196 800 a®” x&7 +
679576106199 492 275592 873 201 654 064 667 280 875 105 078 476 800 a8 x5 +
7593029119547 399727 294672 644179493 489171788 883 558400 a® x° +
83900874249142 538423 145554079 331419769 854020812 800 a°® x°° -+
916 949 445 345 820 092 056 235 563 708 540 106 774 360 883 200 a°% x°* + 9912966 976 711 568 562 770 114 202 254 487 640 803 901 440 a°? x°2 +
106021037184 080947 195402 290933 203076 372 234 240 a°3 x°3 + 1121915737397 681 980903 727 946 383101 337272320 a°* x** +
11747808 768562114983 285109 386 210485 207 040 a°> x°> + 121738950969 555 595 681 710 978 095 445 442 560 a%® x*° +
1248604 625328775340 325240800978927616 a°” x°7 + 12676189089 632236957 616 657 877 958 656 a8 x*8 +
127398 885322937054 850418 672 140 288 a°° x*° + 1267 650 600 228 229 401 496 703 205 376 a'% x'*°) +
1339928042 684663 702626 654 216 353 741 866 828 222 367 324552 136 009 000 175 903 930 373 973 956 200 201 339 808 971 908 813 302 485 337 859 .

343555595 880232757068 702494068 539027 184 400769 291974725364 464 819431 304931640625 €®* +/ 1 Erf [\/ ax } ) +

1 1
—— x** Gamma [ —, ax]
101 2

Problem 61: Result more than twice size of optimal antiderivative.

sz Gamma[l, ax| dx

2
Optimal (type 4, 29leaves, 1step):
Gamma | %, ax|

3
G -
X amma [ K a X}

Result (type 4, 67 leaves):
2e*ax (15+10ax+4a2x?) 15/ Erf[v/ax |

a3 a3

1
24

+ 83 Gamma[l, ax|
2



Problem 63: Result more than twice size of optimal antiderivative.

JGamma [ 1, ax| dx
2

Optimal (type 4, 22leaves, 1 step):
Gamma | %, ax|

xGamma[—, ax] -
a

Result (type 4, 50 leaves):
2(—le-axm+l\/?5rf[m]) 1
2 4 +x Gamma| ~, ax|

a 2

Problem 65: Result more than twice size of optimal antiderivative.

Gamma |1, ax]
J—de
XZ

Optimal (type 4, 22 leaves, 1 step):

Gamma [ l, a x]

aGamma|-~, ax] - —
2 X

Result (type 4, 47 leaves):

e-ax Gamma[, ax]
-2al- —\/7Erf[\/ax] o
\/ax X

Problem 67: Result more than twice size of optimal antiderivative.

Gamma |2, ax]
J—z .
X4

Optimal (type 4, 29leaves, 1step):

Gamma[l, ax
la3Gamma[——, ax] - #
3 2 3x3

Result (type 4, 67 leaves):

8 Special functions.nb | 111
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2e?*~/ax (3-2ax+4a2x?) +8a3\/?x3Er‘f[\/ax ] —1SGamma[§, ax|

45 x3

Problem 68: Result more than twice size of optimal antiderivative.

J

x* Gamma | i, ax| dx

2

Optimal (type 4, 29 leaves, 1 step):

—— x* Gamma [ =, ax] -
101

205

Gamma[T, ax|

2 101 atel

Result (type 4, 864 leaves):

1

512130842492 204678 204 668094 971 904 a1
(272 005392664 986731633210 805919809598966 129140566 884083 609 827035708497 865916713108640871981221297489100404 523585 -

e@x (—ZM

446741785 963 687 249 684 946 606 295 913422 518 433 356 166 270 869 248 986 358 344 554 901 123 046 875 +

181336928443 324487 755473870613 206 399 310752 760 377 922 722 406 551 357 138 998 577 277 808 739093 914 654 147 531 659 400 269 682 390 .
297 827857309124 833123297 737 530 608 948 345 622 237 444180 579 499 324 238 896 369 934082031250 a X +

72534771377 329795102 189 548 245 282 559 724 301 104 151 169 088 962 620 542 855 599 430911 123 495 637 565 861 659 012 663 760 107 872 956 -
119131142923 649933 249319095012 243579 338248894977 672231799729 695558547 973632812500 a2 x° +

20724220393522798 600 625 585212 937 874 206 943172 614 619 739 703 605 869 387 314123117 463 855 896 447 389 045 432 189 645 745 106 558 .
891180326549 614 266 642 662 598 574 926 736 953 785 398 565 049 209 085 637 055 873 870 849 609 375000 a3 x> +

4605382309671733022361241158430638712654038 358 804 386 600 801 304 308292027 359436412421432753121207153254610023679 -
753595628122 136 503 698 369 466 349 983 719323063 421 903 344 268 685697 123 527 526 855 468 750000 a* x* +

837342238122133276792952937896479 765937097 883418979 381963 873510598 550428 988438622078 682 385674 027 864 474 549 759 955 .
199205113 115727 945158084 790 906 130 786 011 531 255 153 503 397 399 477 005 004 882 812 500000 a° X" +

128821882788020504121992 759676 381502451861 212833689 135686749 770861 315450 613 605 941 858 258 828 565 235 056 873 007 655 377 -
722954632787 035 068 485 859 198 600 943 197 847 927 885 408 231 291 907 611 846 923 828 125000 000 a® x° +

17176 251038402 733882932 367 956 850 866 993 581 495 044 491 884 758 233 302 781 508 726 748 480 792 247 767 843 808 698 007 476 401 020 717 -.
029727 284371604675798114 559813459 093 046 390 384721097 505 587 681 579 589 843 750000000 a’ X +

2020735416282 674574462 631524 335396116 891 940 593 469 633 500 968 623 856 648 085 499 821 269 676 207 981 624 552 706 761 929 531 849 -.
062320856984 894 667 740 954 654 095 701 069 770 163 574 673 070 294 775 021 362 304 687 500 000 000 a® x5 +

212708991187 649 955 206 592 792 035 304 854 409 677 957 207 329 842 207 223563 857 693 210 507 502071179 787 539426 600 711 782 055984 111 -
823248103673122920100489 904 810638923175113123481083 660528564453 125000000000 a° x° +

20257999160728567 162 532 646 860 505 224 229493138781 650461 162 592 720 367 399 353 381 666 863 921 884 527 564 438 163 026 862 474 677 -
316499819397 440278104 808 562 362 917 992 683 344 106 998 198 443 859 863 281 250 000 000 000 a*°® x'° +

1761565144411179753 263708422 652628193 868 968 589 708 735 753 268 932 205 860 813 337 536 249 036 685 611 092 559 840 263 205432580 -
636217375599 777 415487 374657 596 775477 624 638 617 999 843 342 944 335 937 500 000 000 000 a'! x** +

140925211552 894 380261096 673812210 255509517 487 176 698 860 261 514 576 468 865 067 002 899 922 934 848 887 404 787 221 056 434 606 450 .
897390047 982193238989 972 607 742 038 209 971 089 439 987 467 435 546 875 000 000 000 000 a2 x*2 +

10438904 559473657 797118 272134237 796 704 408 702 753 829 545 204 556 635 293 990 004 963 177 772 069 248 065 733 687 942 300 476 637 514 -.
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881288151702 384684 369 627 600 573 484 311 849 710 328 887 960 550 781 250 000 000 000 000 a*> x*3 +

719924452 377493 641180570492016 399772717 841569229623 807 210 802 434 068 276 204 357 087 728 913 659 705 771582227 619 078 449 302 .
157 803 565 681 702 370319 144 867 136 849093 083 470 957 790 382 812 500 000 000 000 000 a'* x** +

46 446 738 863 064 105882617 451097 832 243401 151 068 982 556 374 658 761 447 359 243 626 087 554 047 026 687 722 953 005 305 007 682 480 600 -.
139213133269 787 249 698 009 346 266 893 489 876 352 965 018 734 375 000 000 000 000 000 a'® x*° +

2814953 870488733689 855603096 838317 781 887 943 574 700 386 342 955 239233893 553096 215 396 789496 225633515473 030768 635187 -
887225038379 987 106 042 303 596 743 448 090 295 536 543 334 468 750 000 000 000 000 000 a® x1° +

160 854 506 885070496 563177 319819332444 679311061411 450648 168 870813 365 345891 212 308 387971212893 343 741316043 922010736 -
412859335999 263 202 417 348 385 339 890 874 030 659 619 112 500 000 000 000 000 000 a'” x*7 +

8694838210003 810625036611882126078090 773 570 887 105 440441 560 584 506 234913038503 156 106 552 048 288 850 881 948 320 108 688 .
454749153297 257 470400937 750 558 913 020 217 873 492 925 000 000 000 000 000 000 a8 x18 +

445889138974 554391027 518558057 747 594 398 644 660 877 202 073 926 183 820832 559 643 000 161 851 618 853 758 402 609 330 683 082 496 843 -
833289912679 870276971166 695 328 872 831 685 820 150 000 000 000 000 8RO 000 a*® x*° +

21750689 706075823 952 561 880 880 865 736 312 129 007 847 668 393 850 057 747 357 685 836 243 910 334 225 270 915 044 029 723 447 955 243 748 -.
479672678 667 310745 218 105 692 455 066 967 399 308 300 000 000 OO0 POV 00 VOO a2® x2° +

1011659986 329108090816 831 668 877 476 107 540 884 085 938 064 830 235 244 063 148 178 429 949 317 870942 833 257 861 847 602 230476 453 .
417659194 356 619104 428 749101 974 654 277 553 456 200 000 000 000 000 000 000 a2t x?* +

44962 666 059 071 470 702 970 296 394 554 493 668 483 737 152 802 881 343 788 625 028 897 930219 969 683153014 811 460 526 560 099 132 286 818 -
562 630 860294182419 055515643 317 967 891 264 720 000 000 000 000 000 000 a2 x?? +

1913304 938683892 370339161 548 704446 539 084414 346927 782184 842069150 162 039 583 828497 155447 438 785 554 321 706 346 054 758 -
236707 696182731166 768 319 814609 275 229415 520 000 000 000 000 000 000 a3 x3 +

78094 079129954 790626088 226 477 732511799 363 850895011 517 748 655 883 680 083 248 319 530496 140711 787 165482 518 626 369 581 968 -
845212089091 068031 359992433031 642016 960 000 000 000 000 00V VB a* x* +

3062512907 057050612 787 773 587 362 059 286 249 562 780 196 530 107 790 426 810 983 656 796 844 333181 988 697 535 901 275 240 249 787 528 -.
190008 317 219 257 569 857 254 605 216 927 137 920 800 000 000 OO POV 008 a2> x> +

115566 524794 605 683 501 425418 391021 105 141 492 935101 755853124167 049 471 081 388560 163 516 301 460 284 373 633027 933 954 246 346 -
792766 687519153 579519 041 706 299 137 280 000 000 000 0B0 BP0 000 a2° x2° +

4202419083440 206672 779106123 309858 368 781561276427 485568151 529071 675 686 856 733 218 774 598 555 795 404 837 379416 518 048 -
974282425000 696 493 800 692 425 683 604 992 000 000 000 000 BV V0V a2’ x?7 +

147453301173 340585009 793197 309117 837 501 107 413 207 981 949 759 702 774 444 760 942 341 516 448 231528 273 522 976 750 154 965 545 578 -
044997 368445491 010550611427 494 912 000 000 000 000 00V BV a2 x28 +

4998416988926 799491 857 396 518953147 033 935844 515524 811856 261110998127 489570898 862 651916 212 661 795822039151 374426 -
374406 690455 779 356 289 851 234 830 336 000 000 000 000 000 000 a%° x?° +

163882524227 108 180 060 898 246 523054001112 650 639853272519 877 413475348442 281013 077 463997 252 874 157 240066 857 422112 340 -
144481654 287 847 747 208 237 207 552 000 000 000 000 000 000 a3 x3° +

5202619816 733593017 806293540414 412733734940947 722937 138965507 153918802 571 843729015 785 805 528 801 271 963 727 686 106 -
036 332750929772 944 355 817 054 208 000 000 000 000 000 000 a3t x3! +

160080 609 745 649 015 932 501 339 705 858 853 345 690490 699 167 296 583 554 066 274 424 694 518 268 585 101 101 708 578 500 675 8097 005 726 339 .
579469 259377 629057 102 063 206 400 000 000 000 000 000 a32 x32 +

4778525664049 224356 194 069 841 942 055 323 751 954 946 243 799 898 016 539291 773 871478157 271197 047 812196 373154501 701 663 472 -
823267 739085899 374 838 867 558 400 000 000 000 000 000 a33 x33 +

138507 990 262 296 358 150 552 749 041 798 705 036 288 549 166 486 953 565 696 791 065 909 318 207 457 136 146 313 396 996 323 318 889 903 289067 -
341093 886 547 807 966 343 987 200 000 000 000 000 B a>* x3* +

3901633528515 390370438105 606811231127 782776032 858 787 424 385 825 100 448 149 808 660 764 398 487 701 323 840093 489 856 430 677 -
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953270250 325 290 365 249 126 400 000 000 000 000 000 a x>° +

106 894 069 274 394 256 724 331 660 460 581 674 733 774 685 831 747 600 668 104 797 272 552 049 552 349 709 547 608 255 447 673 794 242 641 936 382 -
281376721 240831924 633 600 000 000 000 000 000 a3 x3° +

2850508513983 846845982177 612282177992 900 658 288 846 602 684 482 794 593 934 721 321 395 992 254 602 886 811 937 967 846 470451 636 .
860836712566422 184656 896 000 000 000 000 000 a>” x>7 +

74039182181398 619376160457 461874753062 354 760 749 262 407 389 163 495 946 356 397 958 337 461 158 516 540 569 817 346 661 570172 385 -
995 758767 959 917 783 296 000 000 000 000 000 a3 x38 +

1874409 675478 446 060 155 960 948 401 892 482 591 259 765 804 111 579472 493 568 262 187 290 084 492 687 557 380773 919426 497 761270186 -
987234399188 835 893 248 000 000 000 000 000 a>° x3° +

46281720382183853337184220948194876113 364438661829 915542 530705389189 809 631715 868 828 577 303059 738 925 870 648 646 592 -.
277392572563 849 216 000 000 000 000 000 a*® x*? +

1115222177883948273185161950558912 677 430468401 489 877 482952547117 811802 641728093 224 784995 254 451 540 382 425 268 592 -.
584 997 411 387 080 704 000 000 000 00V 00V a*! x** +

26240521832563488780827 340013 150886527 775727093 879470187 118755713 218 885 687 719 840583 176 358 928 271 538 410 006 319 825 -
529 350 856 166 604 800 000 000 000 00 a*? x*? +

603 230386955482 500708 674 483060939 920178 752 346 985 734 946 830316 223 292 388176 729191 737 544 284113 293 598 584 138 076 317 828 -
260939222 220 800 000 000 000 000 a*> x*3 +

13555739032707471926037 628 832830110565 814659482 825504423153173557 132318578184 083 989759193557 159518744 675872310 -
747 436 836 454 400 000 000 000 000 a** x** +

297928330389175207 165662 172150112 320127 794 713 908 252 844 464 904 913 343 567 441 278 771076 698 004 254 003 505 906 476 392 798 038 -
405 205 196 800 000 000 000 POV a*> x*° +

6407 060 868 584413 057 326068 218 281 985 379092 359438 887 157 945481 826093 410052 500 618 732 832 215 145 247 387 223795191 242 968 .
567 853 875 200 000 000 000 000 a*® x4 +

134885491970198169 627917 225648041 797 454 575988 187 098 062 010 143 707 229 685 315 802 499 638 572 950426 260 783 658 846 131430917 -
217 976 320 000 000 000 00 a*” x*” +

2781144164333982878926128 363877150462 980948210043 259010518426953 189 387 954690714197 380421160016 157 914353225379 -
736453 120 000 000 000 000 a*® x*® +

56184730592 605714 725780370987 417 181070322186 061479 980010473 271781603 797 064 458 872 674 351 942 626 589 048 774 812633 934 -.
069 760 000 000 000 BBV a*° x*° +

1112568922 625855737144165762127 072 892481627 446 761 979 802187 589540229 778 159 692 254 904 442 612 725 278 991 064 847 774929 .
387 520 000 000 000 000 a°° x*° +

21603 280050987 490 041 634 286 643 244133 834594707 704116 112 663 836 690 101 549 090 479 461 260 280 439 082 044 252 253 686 364 561 735 -
680 000 000 000 000 a°! x°1 +

411491048590 237 905 554 938793 204 650 168 277 994432 459 354 526 930 222 668 600 935 056 751 643 052 960 744 419 890519117 835515461 632 -
000 000 00V POV a°2 x°2 +

7691421468976 409 449 625024 172 049 535 855 663 447 335 688 869 662 247 152 684 129627 229 002 673 887 116 718 128 794 749 866 084 401 152 .
000 000 00V POV a>3 x> +

141126999 430759 806 415 138058 202 743 777 168 136 648 361 263 663 527 470 691 451 919 765 669 773 832 791132 442 730 178 896 625 401 856 000 .
000 000 000 a°* x>* +

2542828818572248764 236721769418 806795822 281952455201 144639111557 692 248 030 086 015 005 245 629 598 741 962 101 358 592 000 .
000 000 000 3> x°° +

45005819797 738916181180916 272899 235324288176149649577781223213410482266019221504517 621762 809 592 249 581 568 000 000 -.
000 000

a56
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X56 +

782709909 525894194455 320283006943 223031098 715646079613 586490668008 387 235116 895730741248048 862473905766 400000000 -
000

a57

X57 +
13379656573092208452227 697145417 832872326473771727856642504113983049354446442662063952958100213229158400 000000 -

000
58

a
x°8 4
224868177 699028713 482818439418787 107 097 923928 936 602 632 647 127 966 101 669 822 629 288 438 049 629 547 902 743 347 200 000 000 000
a59
x>2 +
3716829383455020057 567 246932541 935654511139 321266159217 307 900 266 143 302 853 376 668 397 514 537 981 863 526 400 000 000 000
ase X66 +
60436250137 480000936052 795 651 088 384 626 197 387 337661 125484 681 305 140 541 509 811 002 738 170 968 097 266 073 600 000 000 000
a61 X61 T
966 980 002 199 680 014 976 844730417 414154019158 197 402 578 007 754 900 882 248 664 156 976 043 810 735 489 556 257 177 600 000 000 a®? x52 +
15228031530703622283099917 014 447 466 992 427 688 148 072094 610 313 399 720451 404 046 866 831 665 125819 783 577 600 000 000 a® x°3 +
236093512103932128420153752161976 232440739351 132900691 632 765887 138781458090 958 630467 066 973 388 800 000 000 a®* x* +
3604481100823391273590133620793530266270829788288560177 599479192 958495543 373414 205 604075 929 600 000 000 a®> x®° +
54202723 320652500354 738851440504 214530388417 869 000 904 926 307 957 788 849 557 043 209 236 174 497 382 400 000 000 a°°® x°° +
803003 308454111116 366501502822 284 659709458042 503717110019 377 152427 400 845 084 581 276 659 220 480 000 000 a®” x°7 +
11722 676035826439 654 985 423 398 865 469 484 809 606 459 908 278 978 385067 918 648 187 519 482 938 345 390 080 000 000 a®8 x°8 +
168671597637 790498632883 789911733373882152610933932071631439826167 599820424 214940 221 440 000 000 a®° x°° +
2392504 931032489 342310408367 542317 360030 533488424568 391 935316 683 228 366 247 151 984 967 680000000 a’® x7° +
33461607 427027 822969 376 340804 787 655 385042426411 532425062 032401 164033 094 365762 027 520000000 a’* x’* +
461539412786 590 661 646 570217 997 071108 759 205 881 538 378 276717 688 291 917 697 853 320 855552 000 000 a’? x’2 +
6279447793014 838933966 941 741456 749 779 036 814 714 807 867 710 444 738 665 546 999 568 991 232000000 a’> x’3 +
84287889839125354818348211294721473544118 318319568 694099 929 378061032 343207 936000000 a’* x’* +
1116395891 908 945096 931 764 388 009 555 940 981 699 580 391 638 332449 395 735907 713 155072000000 a’> x’° +
14593410351 750916 299 761 625 987 053 018 836 362 086 018 191 350 750 972 493 279 839 387 648 000 000 a’® x7° +
188302 069054 850532900 150012 736 167 984 985 317 238 944 404 525 818 999913 288 250163200000 a’’ x’7 +
2398752472036312521021019270524432929749 264190374 579946738852 398576435200000a’% x’ +
30172987 069639151207 811563151 250728676091 373463 831194298601 916 963 225600000 a’° x’° +
374819715150796 909413 808 237 903 735 759 951 445 633091 070 736 628 595 241 779 200 000 a® x8° +
4599014 909 825 728 949 862 677 765 690 009 324 557 615129 951 788 179 491 966 156 800 000 a* x5 +
55745635270614 896 361971851 705 333446 358 274122 787 294 402 175 660 195 840 000 a2 x52 +
667 612398450477 800742177 864734532291715857 757931669 487 133 655040000 a3 x®3 +
7900738443 200920718842 341594491 506 410 838 553 348 303 780912 824 320000 a®* x%* +
92406297 581297 318349033 235023292472 641 386 588 869 050 069 155 840 000 a®> x5 +
1068280896 893610616 751829 306 627 658 643 253 024 148 775 145 308 160 000 a%° x° +
12208924 535926978477 163763 504 316 098 780 034 561 700 287 374950400 a%” x¥7 +
137953949 558496 931945 353 259935775127 458 017 646 330 930 790 400 a%8 x8 +
1541384911268122144640818546768437 178301873143 362355200 a%° x8 +
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17031877 472575935299 898547 478104 278 213 280 366 224 998 400 a®® x*° +

186 140737 405 201478687 415819432833 641 675 195 259289600 a°* x°* +

2012332296272448418242 333183057 660991083 191992320 a°2 x°? + 21522270548 368 432 280 666 665 059 440 224 503 563 550720 a3 x°3 +
227748894 691729442123456 773115769571 466 280960 a°* x>* + 2384 805180018 109 341 606 877 205 400728 497 029120 a°° x°° +

24713007 046 819 785 923 387 328 553 375424 839680 a°® x°° + 253466 738941 741 394 086 023 882 598 722 306 048 a°7 x°7 +

2573266 385195344102 396181549 225607 168 a°% x°8 + 25861973 720556 222 134 634990 444 478 464 a*° x°° +

257333071846 330568 503830750 691 328 a'%° x'% + 2535301 200456 458 802 993406 410 752 a*®! x'%) +

272005392664986731633 210805919809 598966129140 566 884083 609 827 035708497 865916713108 640871981221 297 489100404523 585446 -
741785963687 249 684 946 606 295913422 518433 356 166 270 869 248 986 358 344 554901 123046 875 €?* /1 Erf [\/ ax ] ) +

1 3
—— x** Gamma [ —, ax]
101 2

Problem 69: Result more than twice size of optimal antiderivative.

JXZ Gamma | E, ax| dx
2

Optimal (type 4, 29 leaves, 1 step):

Gamma| 2, ax
1x3Gamma[§, ax| —#
3 2 3al

Result (type 4, 75leaves):

~2e?*/ax (105+70ax+28a2x2+8a3x3>+105\/?Er‘-F[\/ax] 1 3
+ = x> Gamma | ~, ax|
48 a3 3 2

Problem 70: Result more than twice size of optimal antiderivative.

3
Jx Gamma[;, ax] dx

Optimal (type 4, 29leaves, 1step):

Gamma[Z, ax
lszamma[f, ax| - [2, ]
2 2 2 a2

Result (type 4, 68 leaves):
-te*Vax (15+10ax+4a’x?) + >\ Erf[Vax |

+ lx2 Gamma[i, ax|
2 2

aZ



Problem 71: Result more than twice size of optimal antiderivative.

JGamma [ 3, ax| dx

Optimal (type 4, 22leaves, 1 step):
Gamma | %, ax|

xGamma[—, ax] -
a

Result (type 4, 54 leaves):
-2e?*+/ax (3+2ax)+3/n Erf[Vax | 3
+xGamma | =, ax|

4a 2

Problem 83: Unable to integrate problem.

Jx’" Gamma [n, b x] dx

Optimal (type 4, 45leaves, 1 step):

x1*" Gamma [n, bx] X" (bx) "Gamma[l+m+n, bx]

1+m b(1+m)

Result (type 8, 11 leaves):

Jx’“ Gamma[n, b x] dx

Problem 85: Unable to integrate problem.
J(d x)" Gamma [n, b x] dx
Optimal (type 4, 52 leaves, 1step):

(d x) " Gamma [n, b x] (bx)™ (dx)"Gamma[1+m+n, bx]

d(1+m) b<1+m)

Result (type 8, 13 leaves):

J(d x)" Gamma [n, b x] dx

8 Special functions.nb | 117
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Problem 119: Result more than twice size of optimal antiderivative.
J(c+dx)3Gamma[2, a+bx] dx

Optimal (type 4, 98 leaves, 5steps):

(c+dx)4Gamma[2, a+rbx] @ (bc—ad) ‘eimb‘TcGamma[i : c;dx ] d? ‘eimb‘TcGamma[@ ° c;dx ]

N _
4d 4 b 4 b
Result (type 4, 223 leaves):
41?@*“" (-24 (5+a) d®-4b3 (c+o|x)2 ((2+a) c+ (5+a)dx) -
12b%d (c+dx) ((3+a) c+ (5+a)dx) -24bd* ((4+a) c+ (5+a)dx) -b>x* (4c>+6c’dx+4cd’xX®+d>x°) -

b*x (4 (2+a) ?+6 (3+a) Pdx+4 (4+a) cd®’x?+ (5+a) d>x*) +b?e®®*x (4P +6c*dx+4cdx*+d®x*) Gamma [2, a+ b x]

Problem 123: Unable to integrate problem.

Gamma[2, a + b x]
J dx

c+dx
Optimal (type 4, 81 leaves, 6 steps):
bc bc
e-abx e @ ExpIntegralEi|- b—(cgﬂ)—] (bc-ad) e « ExpIntegralEi|- b—“;ﬂ)—}

— + —

d d d?

Result (type 8, 17 leaves):
Gamma[2, a +bx]
J dx

c+dx

Problem 128: Result more than twice size of optimal antiderivative.

J(c+dx)3Gamma[3, a+bx] dx

Optimal (type 4, 140leaves, 6 steps):

(c+dx)*Gamma[3, a+bx] d (bc—ad)ze"’“%Gamma{S, ucgﬂ)—] d?* (bc-ad) e’a+%Gamma[6, ucgﬂ)—] d? e’a+l)¢TcGamma{7, Mc;ﬂL]

— + —

4d 4 b* 2 b* 4 b*

Result (type 4, 361 leaves):
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%e-a-bx (—24(30+10a+a2) d® - 24 b d? ((26+8a+a2) C+ (30+1ea+a2) dx) -4b3 (c+dx)
4 b
((6+4a+a2) c?+2 (15+7a+a2) cdx+ (30+16a+a2) d2x2) -12b%d ((12+6a+a2) c?+2 (20+8a+a2) cdx+ (30+1Oa+a2) d2x2) -
béx* (42 +6c?dx+4cd® x> +d>x®) -2b°x* ((6+4a) c>+6 (2+a) Pdx+2 (5+2a) cd®x*+ (3+a) d®x®) -
b4x(4 (6+4a+a2) c2+6 (12+6a+a2> czdx+4(20+8a+a2) cd?x?+ (30+10a+a2) d3x3) +
b*e*®*x (4 +6c2dx+4cd*x*+d>x*) Gamma[3, a+bx])

Problem 131: Result more than twice size of optimal antiderivative.
JGamma [3, a+bx] dx
Optimal (type 4, 29 leaves, 1 step):

(a+bx) Gamma[3, a+bx] Gamma[4, a+bx]

b b

Result (type 4, 81 leaves):
(6+4a+a’)e?

b

e—b X

- (6+4a+a’) e?x-(3+2a)be?x*-b’e x| +xGamma[3, a+bx]

Problem 132: Unable to integrate problem.

Gamma[3, a +bx]
j dx

c+dx
Optimal (type 4, 162 leaves, 13 steps):
3e2bx (bc-ad)e?P* e?P*(as+bx) 2 e ¢ ExpIntegralEi [ bexdx) ‘;dx ]

— + — + —

d d? d d

2 (bc-ad) e ExpIntegralEi|- Mcgﬂ)—} (bc-ad)? e ExpIntegralEi[ - Blesdxl C;dx ]
+

d? d3

Result (type 8, 17 leaves):
JGamma [3, a+bx]

dx
c+dx
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Problem 136: Result more than twice size of optimal antiderivative.
JGamma [3, a+bx]
(c +d X) >

dx

Optimal (type 4, 142leaves, 6 steps):

b4 (bc—ad)ze"—“%Gamma[—Ei, bgc;ﬂq b* (bc-ad) ze’a%iGamma[—Z, Uc;—d“] b4 e"—”chGamma[—l, Mcgﬂﬂ Gamma[3, a+ b x]
. _
4d7 2d°8

4d° 4d (c+dx)*
Result (type 4, 328 leaves):

1 1
24d” | (c+dx)?

bde®* (2d? (bc-ad)®-bd (b2c? -2 (-3+a)bcd+ (-6+a) ad?) (crdx) +b? (b2c*-2 (-3+a)bcd+ (6-6a+a?) d?) (c+dx)?|+

c b d c b d
bS c2e s ExpIntegralEi|- M] L6bScde ™ ExpIntegralEi|- M] -
d d

c b d c b d
2abScde ™ ExpIntegralEi|- M] vebidie ™ e ExpIntegralEi|- %} -

c b d c b d 6
Gabidie ™ s ExpIntegralEi|- M} vatbide e ExpIntegralfi|- (c+dx) ] - 6 d" Gamma [3, a + b x]

d (C +d X) 4

Problem 137: Result more than twice size of optimal antiderivative.

J(c+dx)3Gamma[—1, a+bx] dx

Optimal (type 4, 139 leaves, 8 steps):

3d<bc—ad)2<e‘a‘bx (bc—ad)4Gamma[—1,a+bx] (c+dx)4Gamma[—1,a+bx1
_ _ N _
2 b* 4b*d 4d
(bc—ad)3Gamma[0,a+bx] d*> (bc-ad) Gamma[2, a+bx] d3Gamma[3, a+bx]

b* b* 4b*
Result (type 4, 282leaves):
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1 (4(1+a)b*c*-6a(2+a)b’c*>d+4a* (3+a) bcd®-a® (4+a) d’) ExpIntegralEi[-a-bx] + !
4 b* a+bx

e (a® (4bc-3d) d*-a*d®+a’d (-6b2c2+2d2+bd (8c-dx)) +a (4b3CP-4bcd?-2d3+b%d (-6c2+dcdx+dx?)) -

bdx (2d2+2bd (2c+dx> +b? (6c2+4cdx+d2x2)> +b* e X x (a+bx) (4c3+6c2dx+4cd2x2+d3x3) Gamma[-1, a+bx}>

Problem 144: Unable to integrate problem.

Gamma[-1, a+bx]
J dx

(c+dx)*

Optimal (type 4, 197 leaves, 8 steps):

bc
b>e ™ ¢ Gamma|-2, 2ledx)]

d b3 Gamma[-1, a+bx] Gamma[-1, a+bx]

+ - +
3d? (bc-ad)? 3d (bc-ad)’ 3d (c+dx)?
2b° ‘eimbdiGamma[’l’ MCQ&L] ) b3 Gamma[@, a + b x] . b ‘eiaﬂ‘TcGamma[@, bgc;ﬂL]
3d (bc-ad)’ (bc-ad)* (bc-ad)*

Result (type 8, 17 leaves):
JGamma [-1, a+bx]

(c+dx)*

dx

Problem 145: Result more than twice size of optimal antiderivative.

J(c+dx)3Gamma[—2, a+bx]dx

Optimal (type 4, 145leaves, 8steps):

d? (4bc-3ad) e P (bc—ad)4Gamma[—2, a+bx] (c+dx)4Gamma[—2, a+bx]
_ _ N _

4 b* 4b*d 4d
(bc—ad)3Gamma[—1, a+bx] 3d (bc—ad)zGamma[G, a+bx] d3e?Gamma[2, bx]

b* 2 b* 4 b*

Result (type 4, 398 leaves):
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1 (1 a(-4b*c*+6ab?c?d-4a’bcd?+a’d?)
—|—e?®P®*|2d® (-4bc+ (-1+3a)d) -2bd*x- -
8 | b* (a+bx)2
-4 (2+a)b’c*+6a (4+a)b2c?d-4a’ (6+a)bcd’+a’ (8+a)d? 8 c3 ExpIntegralEi[-a-bx]
a+bx b
4 a c3 ExpIntegralEi[-a-bx] 12c?dExpIntegralEi[-a-bx] 24ac?dExpIntegralEi[-a-bx] 6a%c?dExpIntegralEi[-a-bx]
+ + + -
b b2 b2 b2
24 acd? ExpIntegralEi[-a-bx] 24a?cd?ExpIntegralEi[-a-bx] 4a®cd?ExpIntegralEi[-a-bx] 12a?d3ExpIntegralEi[-a-bx]
b3 ) b3 ) b3 i b i
8 a3 d3 ExpIntegralEi[-a-bx a*d3 ExpIntegralEi[-a-bx
P g4 [ ]+ P g4 [ ]+2x(4c3+6c2dx+4cd2x2+d3x3)Gamma[—Z,a+bx]
b b

Problem 146: Result more than twice size of optimal antiderivative.

J(c+dx)26amma[—2, a+bx] dx

Optimal (type 4, 112leaves, 7 steps):

d2 gabx (bc—ad)3Gamma[—2,a+bx} (c+dx)36amma[—2,a+bx] (bc—ad)zGamma[—l,a+bx]
_ + _

3p3 3b3d 3d b3

d(bc-ad) Gamma[@, a+bx]
b3

Result (type 4, 229 leaves):

% -(3(2+a)b*c?-3(2+4a+a’)bcd+a (6+6a+a’) d®) ExpIntegralEi[-a-bx] +

6b
(1)2«3‘3‘“ (fa4dzfa3d (-3bc+5d+bdx) -2b>x (3bc?+d®*x) -ab (3b*c*x+4d*x+3bc (c-4dx)) +
a+bx

a? (-2d>+3bd (3c-2dx) -3b%c (c-dx)) +2b>e®®*x (a+bx)? (3c?+3cdx+d*x?) Gamma[-2, a+bx])

Problem 148: Result more than twice size of optimal antiderivative.

JGamma [-2, a+bx] dx

Optimal (type 4, 29leaves, 1step):

(a+bx) Gamma[-2, a+bx] Gamma[-1, a+bx]

b b
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Result (type 4, 77 leaves):

e?PX(a-(2+a) (a+bx)) ExpIntegralEi[-a-bx] aExpIntegralEi[-a-bx]
2b(a+bx)? b 2b

+XGamma[-2, a+bx]

Problem 153: Result more than twice size of optimal antiderivative.

J(c+dx)3Gamma[—3, a+bx] dx

Optimal (type 4, 139leaves, 8 steps):

d*e2tx (bc-ad)*Gamma[-3, a+bx] (c+dx)*Gamma[-3, a+bx]
_ _ N _

4 b* 4b*d 4d
(bc—ad)3Gamma[—2,a+bx} 3d<bc—ad)ZGamma[—1,a+bx} d? (bc-ad) Gamma[e, a+bx]

b* 2 b* b*

Result (type 4, 482 leaves):

1 (1 ., & 2a (-4b>c®+6ab’c?d-4a’bcd?’+a’d’) -4 (3+a)b>c®>+6a (6+a)b’c’d-4a?(9+a)bcd®+a’(12+a) d?
= | Ze b |-6d®- ¥ +
24 | b* (a+bx>3 (a+bx)2
4 (3+a) b>c®-6 (6+6a+az) b2c’d+4a (18+9a+a2) bcd?’-a? (6+a)2d? 12 c3 ExpIntegralEi[-a - b x]
+ +
a+bx b
4 ac®ExpIntegralEi[-a-bx] 36c?>dExpIntegralEi[-a-bx] 36ac?dExpIntegralEi[-a-bx] 6a?c?>dExpIntegralEi[-a-bx]
- - - +
b b2 b2 b?
24 ¢ d? ExpIntegralEi[-a-bx] 72acd?ExpIntegralEi[-a-bx] 36a%cd?ExpIntegralEi[-a-bx]
b3 : b3 : b3 :
4 a® c d? ExpIntegralEi[-a-bx] 24ad3ExpIntegralEi[-a-bx] 36a2d3ExpIntegralEi[-a-bx]
b ) b ) b )
12 a3 d3 ExpIntegralEi[-a-bx] a*d?ExpIntegralEi[-a-bx]

" - " +6x (4c>+6c*dx+4cd?x?+d’x*) Gamma[-3, a+bx]
b b

Problem 154: Result more than twice size of optimal antiderivative.

J(c+dx)2Gamma[—3, a+bx] dx

Optimal (type 4, 109 leaves, 7 steps):
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(bc—ad)3Gamma[—3, a+bx] (c+dx)3Gamma[—3, a+bx]
. 3b3d : 3d )
(bc—ad)zGamma[fz, a+bx] d(bc-ad)Gamma[-1, a+bx] d’Gamma[@, a+ b x]
b . b3 ) 3 b3

Result (type 4, 351 leaves):
1 (2a(3b*c?-3abcd+a?d?) e?®* (-3 (3+a)b?c?+3a(6+a)bcd-a?(9+a)d?)ebx

— + +
18 b* (a+bx)? b* (a+bx)?
(3(3+a)b2c?-3(6+6a+a’)bcd+a (18+9a+a?) d?) e®®* 9c2ExpIntegralEi[-a-bx] 3ac?ExpIntegralEi[-a-bx]
+ + -
b* (a+bx) b b
18 c d ExpIntegralEi[-a-bx] 18acdExpIntegralEi[-a-bx] 3a?cdExpIntegralEi[-a-bx] 6d?ExpIntegralEi[-a-bx]
b2 ) b2 ) b2 i b3 :
18 a d? ExpIntegralEi[-a-bx 9 a? d? ExpIntegralEi[-a-bx a3 d? ExpIntegralEi[-a-bx
P g3 [ J+ P g3 : J+ P g3 [ J+6x(3<:2+3cdx+d2x2)Gamma[—3,a+bx}
b b b

Problem 155: Result more than twice size of optimal antiderivative.

J(c+dx) Gamma[-3, a+bx] dx

Optimal (type 4, 84 leaves, 6 steps):

(bc—ad)ZGamma[—B,a+bx} (c+dx)zGamma[—3,a+bx] (bc-ad) Gamma[-2, a+bx] dGamma[-1, a+bx]
_ + _ _

2b%d 2d b2 2b?

Result (type 4, 270 leaves):
aZe? a(6+a)e? (6+63+32) e @ ae™® (3+a) e? (3+a) e?
- - + +

.
6b2 (a+bx)®> 12b> (a+bx)®> 12b (a+bx) 3b(a+bx)’ 6b(a+rbx)? 6b(a+bx)

c ExpIntegralEi[-a-bx] acExpIntegralEi[-a-bx] dExpIntegralEi[-a-bx]
+ _
2b 6b 2 b?

adExpIntegralEi[-a-bx] a?dExpIntegralEi[-a-bx] 1 )
- +CcxGamma[-3, a+bx] + —dx“Gamma[-3, a+b X]
2b? 12 b? 2

de®* |- +rCce

Problem 156: Result more than twice size of optimal antiderivative.

jGamma [-3, a+bx] dx

Optimal (type 4, 29leaves, 1step):
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(a+bx) Gamma[-3, a+bx] Gamma[-2, a+bx]

b b

Result (type 4, 89leaves):

e-a-bx (237 (3+a) (a+bx) + <3+a> (a+bX>2) 3 ExpIntegralEi[-a- b x] a ExpIntegralEi[-a - bx]
+ + +6XxGamma[-3, a+bx]
b(a+bx)? b b

[ R

Problem 158: Result more than twice size of optimal antiderivative.
JGamma [-3, a+bx]
(c+dx) 2

X

Optimal (type 4, 144 leaves, 8 steps):

bc
-a+— b (c+d
bGamma[-3, a+bx] Gamma[-3, a+bx] bGamma[-2, a+bx] bdGamma[-1, a+bx] bd?Gamma[@, a+b x] bd>e "+ Gamma e, cdx}

+
d(bc-ad) d(c+dx) (bc-ad)? (bc-ad)? (bc-ad)* (bc-ad)*
Result (type 4, 395leaves):
b d? ExpIntegralEi[-a-bx] 1
+
(-bc+ad)? 6d (bc-ad)® (a+bx)?

b ((3a2d2+3abd (-c+dx) +b? (c2-cdx+d?x?)) (e’a’bx (2—a—bx+ (a+bx)2) + (a+bx)3EprntegralEi[—a—bx]) ~de?®* (a+bx)
(-3ad+b (c-2dx)) (1—a2—2bx—b2x2—2a (1+bx) -e*®* (a+bx)? (3+a+bx) Eprntegr‘alEi[—a—bx]) +d?e? ™ (a+bx)?
(2+a®+5bx+b?x*+a (5+2bx) +e®®* (a®>+3a> (2+bx) +3a (2+4bx+b’>x*) +bx (6+6bx+b*x?)) Eprntegr‘alEi[—a—bx])) -

bc
bd2e ® ¢ ExpIntegralki|- bd—c -bx|  Gamma -3, a+bx]

(-bc+ad)? d(c+dx)

Problem 159: Result more than twice size of optimal antiderivative.
JGamma [-3, a+bx]
(C +d X) 3

dx

Optimal (type 4, 205 leaves, 9 steps):
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b2 Gamma[-3, a+bx] Gamma[-3, a+bx] b?>Gamma[-2, a+bx] 3b>dGamma[-1, a+bXx]
- - + +

2d (bc-ad)? 2d (c+dx)? (bc-ad)? 2 (bc-ad)?

bc bc
> —ar - b (c+dx) 242 o7 b (cxdx)
b’de® « Gamma|-1, . ] ) 2b2d?Gamma[@, a+bx] 2b’de’ Gamma [ @, : ]

+

2 (bc-ad)? (bc-ad)® (bc-ad)®

Result (type 4, 877 leaves):

) (a+bx)+(3+a) (a+bx)2) N 3 ExpIntegralEi[-a-b x] " aExpIntegralEi[-a-b x]
b (a+bx)? b b

2 (eiaibx (22-(3+2 +6xGamma[-3, a+bx})

1
— +
12 (CerX)3
{ 2b? (bc-3ad) b? (b*c?-4abcd+3 (-4+a)ad?) b’ (b°c?-5ab’c’d+a(-6+7a)bcd?’-3a(8-2a+a?) d®)
d e—a—bx _ _ - +
d> (-bc+ad)’ (a+bx)? d> (bc-ad)* (a+bx)? d> (-bc+ad)® (a+bx)
2((3+a)b>c?+ (3-5a-2a*)bcd+a(-1+2a+a?)d?) 2((3+a)b2c?-2(-3+2a+a?)bcd+a’(1l+a)d?)
+ +
b(bc-ad)® (c+dx)> (bc-ad)* (c+dx)?
2b ((3+a)b2c?+ (12-3a-2a%) bcd+a*d?) 18 b3 c ExpIntegralEi[-a-bx] 12ab?®cExpIntegralEi[-a - b x]
+ - +
(bc-ad)® (c+dx) (bc-ad)® (bc-ad)®
3a%b3cExpIntegralEi[-a-bx] b°c3ExpIntegralEi[-a-bx] 6b%*c?ExpIntegralEi[-a-bx] 24b?dExpIntegralEi[-a-bx]
+ + + +
(bc-ad)® d? (bc-ad)® d(bc-ad)’ (bc-ad)®
3ab*c?ExpIntegralEi[-a-bx] 18ab?dExpIntegralEi[-a-bx] 6a%2b2dExpIntegralEi[-a-b x]
+ - +
d(-bc+ad)® (-bc+ad)® (-bc+ad)®

—a+ S .7 b (c+d
a3b2dExpIntegralEi[-a-bx] 2 (3+a) ExpIntegralEi[-a-bx] 6bice Eprntegr‘alEl[-—(—Lcd X ]

— + —

(-bc+ad)® bd (c+dx)? (bc-ad)®

bc bc
24b2de ®d Eprntegr‘alEi[—bJC;ﬂL] 6ab?de ® Eprntegr‘alEi[—chﬂL} 6 (c+3dx) Gamma[-3, a+bx]
+ _

(bc-ad)® (-bc+ad)® d? (c+dx)?

Problem 160: Unable to integrate problem.

Gamma[-3, a+bx]
J dx

<C+dx)4

Optimal (type 4, 248 leaves, 10 steps):
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bc
b3 e ®" ¢ Gamma [— 2, M]

d
+ +

3d (bc-ad)? 3d (c+dx)? (bc-ad)* 3(bc-ad)”

b3 Gamma[-3, a+bx] Gamma[-3, a+bx] b3Gamma[-2, a+bx]

bc bc
3 —a+— b (c+d x) 3 42 —a+t— b (c+dx)
2b’dGamma[-1, a+bx] 4b’de” Gamma [ -1, p ] 10b3d2 Gamma[@, a+bx] @b d7e "« Gamma [@, q ]
+ - +

(bc-ad)® 3(bc-ad)’ 3(bc-ad)® 3(bc-ad)®

Result (type 8, 17 leaves):
JGamma [-3, a+bx]

(c+dx)4

dx

Problem 230: Unable to integrate problem.

J PolyGamma[1l, a+bx] bPolyGamma[2, a +bXx] q
- X
X2 X
Optimal (type 4, 12leaves, 2 steps):
PolyGamma[1, a + b x]
X

Result (type 8, 27 leaves):

PolyGamma[1l, a+bx] bPolyGamma[2, a+bXx] dx

J

Problem 231: Unable to integrate problem.

x2 X

J PolyGamma[n, a+bx] bPolyGamma[l+n, a+bXx] q
- X
X2 X
Optimal (type 4, 12leaves, 2 steps):
PolyGamma[n, a + b x]
X
Result (type 8, 29leaves):
PolyGamma[n, a+bx] bPolyGamma[l+n, a+bX] q
_ X

J

x2 X
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Test results for the 14 problems in "8.7 Zeta function.m"

Problem 7: Unable to integrate problem.

bPolyGamma[2, a+bx] Zeta[2, a+bXx]
J(— + dx
X x?
Optimal (type 4, 12leaves, 3 steps):
PolyGamma[1, a + b x]
X
Result (type 8, 27 leaves):
J( b PolyGamma[2, a+bx] Zeta[2, a+bx] dx
- +

X x2

Problem 14: Unable to integrate problem.

Zeta[s, a+bx] bsZeta[l+s, a+bx]
J + dx
x? X
Optimal (type 4, 12leaves, 2 steps):
Zeta[s, a+bx]
X
Result (type 8, 29 leaves):
Zeta[s, a+bx] bsZeta[l+s, a+bx] dx
+

J

Test results for the 198 problems in "8.8 Polylogarithm function.m"

x2 X

Problem 17: Unable to integrate problem.

PolylLog[3, ax]
J dx

x3

Optimal (type 4, 70leaves, 5 steps):

a 1, 1, Log[1l-ax] PolylLog[2, ax] PolylLog[3, ax]
-—+ —a“Log[x] - —a‘Log[l-ax] + - -
8x 8 8 8 x? 4 x? 2 x?




Result (type 9, 25leaves):

MeijerG[{{1, 1, 1, 1}, {3}}, {{1, 2}, {0, @, @}}, -ax]
2

X

Problem 18: Unable to integrate problem.

PolylLog[3, ax]
J dx

x4

Optimal (type 4, 80leaves, 5steps):

a a? 1 1 Log[l-ax] PolyLog[2, ax] PolylLog[3, ax]
- - + —a’log[x] - —a’log[l-ax]+ - -
54x%2 27x 27 27 27 x3 9 x3 3x3

Result (type 9, 25leaves):

MeijerG[{{1, 1, 1, 1}, {4}}, {{1, 3}, {6, 0, 8}}, -ax]
3

X

Problem 22: Result more than twice size of optimal antiderivative.

JPolyLog (2, ax?] 4
X

X
Optimal (type 4, 11leaves, 1step):

: PolyLog[3, ax?|
2

Result (type 4, 108 leaves):

-Log[x]? Log[l—\gx] - Log[x}ZLog[lJr\/;x] +Log[x]?Log[1-ax?| -2Log[x] Polylog|2, —\/?x} -
\a x

2 Log[x] PolyLog[2, /a x| +Log[x] PolyLog[2, ax?| +2PolyLog[3, -V/a x| +2PolyLog|3, V/a x|

Problem 37: Unable to integrate problem.

JPolyLog [3, a xz}

x>

dx

Optimal (type 4, 78leaves, 6 steps):

—ax? 1 2, 2 1 3, 2
_a +1a2Log[x]—iazLog[lfaxz]JrLog[l ax]iPo yLog| ax]iPo yLog[3, ax?]
16x> 8 16 16 x* 8 x* 4 x4

Result (type 9, 30leaves):
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MeijerG[ ({1, 1, 1, 1}, {3}}, ({1, 2}, (0, 8, 8}}, ~ax?]

2 x4

Problem 38: Unable to integrate problem.

dx

JPolyLog (3, ax?]
7

X

Optimal (type 4, 88leaves, 6 steps):

a a2 1 1 Log[1-ax?| PolyLog[2, ax?| PolylLog[3, ax?]

- - +—a’log[x] - —a’log[l-ax?]|+
108 x* 54x*> 27 54 54 x°

Result (type 9, 30 leaves):
MeijerG[{{1, 1, 1, 1}, {4}}, {{1, 3}, {0, 0, @} }, -ax?|

2 x8

6 x°

Problem 48: Result more than twice size of optimal antiderivative.

JPolyLog [2, ax9]
X

X
Optimal (type 4, 11leaves, 1 step):
PolyLog[3, ax9]
q

Result (type 4, 80leaves):

-q

1 2
- —qlog[x]
6 a

Problem 52: Unable to integrate problem.

sz PolylLog[3, axi] dx

Optimal (type 5, 88 leaves, 4 steps):

a g3 x3>*9 Hypergeometric2F1 [1, 330 2,3 3 xq}
q q

_ - —*x*Log[1-axd]
27 (3+q) 27

Result (type 9, 41 leaves):

qlog[x] +3 Log[l— Xf} —3Log[1—axq] + Log [X] PolyLog[Z,

X—] +Log[x] PolyLog|[2, axd] +
a

PolyLog|3, X‘_Tq}

q

1 qx* Polylog[2, ax%] + 1 x* PolyLog[3, ax]
9 3
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3 .. -34q _3 _
x> MeijerG[{{1, 1, 1, 1, ; bs 00} {113, {o, 0, @, q}}, axd]

q

Problem 53: Unable to integrate problem.

Jx PolyLog[S, a xq] dx

Optimal (type 5, 88leaves, 4 steps):

a g x2*9 Hypergeometric2F1[1, %‘*, 2 (1 + i) , axd]

- - =~ g’x*Llog[1-axd| - quz PolyLog[2, axd] + 1x2 PolyLog[3, ax9]
8 (2+q) 8 4 2

Result (type 9, 41 leaves):
2 Meis =2+q _2 _
x*MeijerG[{{1, 1, 1, 1, ; bs 00} {113, {o, 0, @, q}}, axd|

q

Problem 54: Unable to integrate problem.

jPolyLog[?S, axd] dx

Optimal (type 5, 69 leaves, 4 steps):

a g x'*9 Hypergeometric2F1[1, 1+ i, 2+ i, axd]

- -q*xLog[1-ax? -gxPolylLog|2, ax] +xPolyLog|3, axi|
1+q

Result (type 9, 39leaves):
.. -1+q _1 _
xMeijerG|{{1, 1, 1, 1, ; b, 00} {113, {e, 0, o, q}}, axd|

q

Problem 56: Unable to integrate problem.

X

JPolyLog [3, ax9]
2

X
Optimal (type 5, 84 leaves, 4 steps):

3 -1+ : 1gq 1
a g’ x "9 Hypergeometric2F1 [1, - 2 - ) a xﬂ q?Log[1-ax%] qPolylLog[2, axi] PolyLog[3, ax9]
+ _ _

1-¢g X X X
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Result (type 9, 37 leaves):

MeijerG[{{1, 1,1, 1, 1+ i} (v}, {{13, {o, 0, 0, i}} ~axd]

qX

Problem 57: Unable to integrate problem.

jPolyLog [3, ax9]
X

X3
Optimal (type 5, 95leaves, 4 steps):

3 -2+ s 2- 1
a g x 2*9 Hypergeometric2F1|1, - Jq , 2 (1 - q), axd| q®Llog[l-axd] qPolylog[2, axi] Polylog(3, axd]
. _ _

8 (2-q) 8 x2 4 x2 2 x2

Result (type 9, 41 leaves):

. 2+q 2 _
MeijerG[{{1, 1, 1, 1, ; b, 03}, {11, {e, 0, 0, q}}, axd|

qx?

Problem 58: Unable to integrate problem.

PolyLog[3, ax9]
J dx

X4

Optimal (type 5, 93 leaves, 4 steps):

3 -3+ s 3-q 3
a g’ x>*9 Hypergeometric2F1[1, - 2y axi g?Llog[l-ax9] qPolylLog[2, axi] PolylLog[3, ax9]
. _ _

27 (3-q) 27 x3 9 x3 3x3

Result (type 9, 41 leaves):
. 349 3 _
MeijerG[{{1, 1, 1, 1, ; b, 03}, {11, {e, 0, 0, q}}, axd|

qx?

Problem 74: Result unnecessarily involves higher level functions.

JPolyLog (2, ax?] 4
%

\Vdx
Optimal (type 4, 115leaves, 8steps):



32+/dx 16Ar-cTan[a’/v?dX ] 16A'"CTa”h[a/¢;dx ] 8+/dx Log[1l-ax?] 2+/dx PolylLog|2, ax?]
- + + + +

d al/4 \/? al/4 W d d
Result (type 5, 57 leaves):
5 x Gamma [ %] (—16 + 16 Hypergeometric2F1 [ i, 1, i, a xz] +4 Log [1 -a xz} + Polylog [2, a xz] )

2+/dx Gamma[?ﬂ

Problem 75: Result unnecessarily involves higher level functions.

JPolyLog [2, ax?] 4
X

(d X>3/2

Optimal (type 4, 103 leaves, 7 steps):
1/4 dx 1/4 dx
16 al/“Ar‘cTan[Q:a e ] 16 a”“Ar‘cTanh[—\:a Te } 8Log[1—ax2] 2PolyLog[2, axz]
N _

- +

d>2 d*2 d+/dx dvdx
Result (type 5, 62 leaves):

xGamma[%] (16ax2 Hypergeometr‘icZFl[i, 1, i, axz] +12 Log[l—axz] —3PolyLog[2, axz])

2 (dx)*? Gamma[i]

Problem 76: Result unnecessarily involves higher level functions.

JPolyLog [2, a xz} ;
X

<dx)5/2

Optimal (type 4, 111 leaves, 7 steps):

1/a 1/4
16 a®/* ArcTan| a—\rddi] ) 16 a*/* Ar‘cTanh{uﬁdQ] . 8 Log[1-ax?] 2 PolyLog[2, ax?]

9d5/2 9d5/2 9d (dx>3/2 34 <dX>3/2

Result (type 5, 62 leaves):

x Gamma [ 2| (16 a x2 Hypergeometric2F1[2, 1, 2, ax?| +4 Log[1-ax?| - 3PolyLog|2, ax?
4 4 4

18 (dx) >/2 Gamma[i]

8 Special functions.nb | 133



134 | 8 Special functions.nb

Problem 77: Result unnecessarily involves higher level functions.

JPolyLog [2, ax?] 5
X

(dX>7/2

Optimal (type 4, 126 leaves, 8 steps):

16 a°/# ArcTan| %ddi] 16 a°/# ArcTanh | —\Cal/iﬁdx | g log[1-ax2] 2Polylog[2, ax?]
- + * N

25 dx 25d7/2 254d7/2 25d (dx)*'? 5d (dx)*?

32a

Result (type 5, 70leaves):

- ! xGamma[—l} -48ax®+16a%x* Hyper‘geometr‘icZFl[i, 1, Z, ax?] +12Log[1-ax?| -15Polylog|2, ax?]
4

150 (d x)”ZGamma[j’—J 4 4

Problem 78: Result unnecessarily involves higher level functions.

J(d x)*'? PolyLog|[3, ax?] dx

Optimal (type 4, 161 leaves, 10 steps):

128d (dx)*? 128 (dx)7/2 ©4 d>/2 Ar‘cTan[%\FddQ} 64 d*/2 ArcTanh | 2 ddx ]
+

+ — —

1029 a 2401d 343 a7/4 343 a7/4
32 (dx)”/?Log[1-ax?| 8 (dx)’/?PolyLog[2, ax?| 2 (dx)’*PolyLog|3, ax?]
- +
343d 49d 7d

Result (type 5, 89 leaves):

- ! 11d (dx)e‘/zGamma[E]

14406 a Gamma [ > | 4

a8 2 . 3 7 2 2 2 2 2] 2 2
448 - 192 a x* + 448 Hypergeometric2F1[ =, 1, —, ax?] +336ax?Log[1-ax?| + 588 ax? Polylog|[2, ax?] - 1629 a x> PolylLog|[3, a x?]
4 4

Problem 79: Result unnecessarily involves higher level functions.

J(d x)>? PolyLog|[3, ax?] dx

Optimal (type 4, 161 leaves, 10 steps):
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at/tJdx dx} 64d3/2Ar‘cTanh[£al’m dx]
Ja Ve

3/2
128d+/d 128 (dx)5/2 64d ArcTan[
\/7XJr (dx) i

125a 625d 125a°/4 125a°/4
32 (dx)**Log[1-ax?] 8 (dx)>?PolyLog[2, ax?] 2 (dx)>*PolyLog|3, ax?]
- +
125d 25d 5d

Result (type 5, 89leaves):
= 9d+/dx Gamma[g]

) 1250 a Gamma [ 14—3] 4

_ B 2 . 1 > 2 2 L2 2 21 2 2
320 - 64 a x? + 320 Hypergeometric2F1[ —, 1, —, ax?| +80ax? Log[1-ax?| + 100 a x* Polylog|2, ax?| - 125 a x? PolyLog|3, a x?|
4 4

Problem 80: Result unnecessarily involves higher level functions.

jx/dx PolyLog[3, ax?]| dx

Optimal (type 4, 146 leaves, 9 steps):
128 (d x) "2 64ﬁArcTan[ﬂ“ﬁ‘@] 64HArcTanh[&ﬁd@}

+

81d 27 a3/4 27 a¥/4
32 (d x)3/2 Log[1-ax?| 8(d x)3/2 Polylog(2, ax?| 2 (d x)3/2 PolylLog|[3, ax?]
+

27d 9d 3d

Result (type 5, 68 leaves):

! 7x+/dx Gamma[z] -64 + 64 Hyper‘geometr‘icZFl[i, 1, Z, ax?| +48Log[1-ax?| +36Polylog|2, ax?| - 27 PolyLog|[3, a x?|

) 162 Gamma | 14—1} 4 4 4

Problem 81: Result unnecessarily involves higher level functions.

JPolyLog [3, ax?] 4
X

\Vdx
Optimal (type 4, 134 leaves, 9steps):

128 +/d x 64Ar‘cTan[a1’/L?dX ] 64Ar-cTanh[al’;?dX | 32vdx Log[1-ax?| 8+/dx PolyLog[2, ax?| 2+/dx PolyLog|3, ax?]
- - - +

d al/4+/d al/4+/d d d d
Result (type 5, 68 leaves):
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1 5 . 1 5
- 5x Gamma | ~| | -64 + 64 Hypergeometric2F1[ =, 1, —, ax?| +16 Log[1-ax?| + 4 PolyLog[2, ax?| - PolyLog|3, ax?]
2+/dx Gamma[fﬂ 4 4 4

Problem 82: Result unnecessarily involves higher level functions.

JPolyLog (3, ax?] 4
X

(d X>3/2

Optimal (type 4, 122leaves, 8 steps):

64 al“‘Ar‘cTan[‘3‘1/4”_dX | 64 al/“Ar‘cTanh[—\:""l’/4 dx ]

Nes 32Log[1-ax?| 8PolyLog[2, ax?| 2Polylog[3, ax?|
N d3/2 " d3/2 N dvdx N dvdx N dvdx
Result (type 5, 71 leaves):
! xGamma[i} 64 a x? Hyper‘geometr‘icZFl[z, 1, Z, ax?| +48Log[1-ax?| -12Polylog|2, ax?| - 3Polylog|3, ax?]
2 (dx)3/zGamma[i] 4 4 4

Problem 83: Result unnecessarily involves higher level functions.

JPolyLog (3, ax?] 4
X

(d X>5/2

Optimal (type 4, 132leaves, 8steps):

64 2>/ A"CTan[aLL?dx | eaa¥t AFCTanh[ayvd—dx ] X 32 Log[1-ax?] 8 PolylLog[2, ax?] 2 PolyLog|3, ax?|

+

57 4572 27 d5/2 27 d (d X)3/2 9d (dx)3/2 34 (dx)3/2

Result (type 5, 71 leaves):
1

xGamma[l] 64 a x? Hyper‘geometr‘icZFl[l, 1, 5, ax?] +16 Log[1-ax?| - 12 PolyLog[2, ax?| - 9 PolyLog|3, a x?|

54 (d x)S/2 Gamma[fﬂ 4 4 4

Problem 84: Result unnecessarily involves higher level functions.

JPolyLog (3, ax?] 4
X

<dX>7/2

Optimal (type 4, 147 leaves, 9 steps):
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64 a>/* ArcTan | %\ﬁ@} 64 a°/# ArcTanh | M]
d d

128 a 32Log[1-ax?] 8PolylLog|2, ax?| 2PolylLog[3, ax?]
_ N N _ _

,125 d3 Ix 125d7/2 125d7/2 125d (dX)S/Z 25d (dX)S/Z 5d (dx>5/2

Result (type 5, 79 leaves):
1

750 (d x)7/2 Gamma{fﬂ

x Gamma | - 1 -192 a x? + 64 a% x* Hypergeometric2F1 i, 1, Z, ax?| +48Log|1-ax?| -60PolyLog|2, ax*| - 75PolylLog|3, ax?
4 4 4

Problem 85: Result unnecessarily involves higher level functions.

JPolyLog (3, ax?] 4
X

(d X>9/2

Optimal (type 4, 147 leaves, 9 steps):

64 a’/4 ArcTan [ at/t/dx ] 64 a’/*4 ArcTanh [ m}
\d Ad

128 a 32Log[1-ax?| 8PolyLog[2, ax?| 2PolylLog|3, ax?]
. - -

+ +

) 1029 d* (d x)3/2 343 d°/2 343 d°/2 343d (d x)’'? 49d (d x)7/2 7d (d x)’'?

Result (type 5, 84 leaves):
1

686 d° x* Gamma [ ‘ﬂ

Vdx Gamma |-

| |-64ax?+192a%x* Hyper‘geometr‘iczFl[l, 1, 5, ax?| +48Log[1-ax?]| - 84Polylog|2, ax?| - 147 Polylog[3, a x?]
4 4

»w

Problem 88: Unable to integrate problem.

PolylLog[2, a x9]

J dx
Vd X

Optimal (type 5, 93 leaves, 4 steps):

1
~+q

8 ag®x9+/dx Hypergeometric2F1l [1, Jq—

1 1
) (4+a)’ axq] +4q\/dx Log[1l-ax9] +2\/dx PolylLog[2, ax9]
d(1+2q) d d

Result (type 9, 48 leaves):
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xMeijerG[{{1, 1, 1, 1- i}, {1}, {113, {o, o, -i}}, ~axd]

qVdx

Problem 89: Unable to integrate problem.

PolylLog[2, ax9]
J dx

<d X) 3/2
Optimal (type 5, 97 leaves, 4 steps):

2 3 1 1 1 1
8 a g% x% Hypergeometric2F1|1, ) (2— q), ) (4— q), axd] 4qlog[l-axd] 2Polylog[2, axI]
N _

d(1-2q)Vdx d~/dx d~/dx

Result (type 9, 48 leaves):

xMeijerG[{{1, 1,1, 1+ i}, {1}, {1}, {e, o, i}}, ~axd|

q (dX)B/Z

Problem 90: Unable to integrate problem.

PolylLog[2, ax9]
J dx

(d X) 5/2
Optimal (type 5, 105leaves, 4 steps):

8 a g2 x 19 Hypergeometric2F1[1, i (2 - i) s % (4— i) , axd]

4qglog(l-ax9] 2Polylog[2, ax9]
i _

9d? (3-2q) dx 9d (dx)*? 3d (dx)*?
Result (type 9, 48 leaves):
xMeijerG[{{1, 1, 1, 1+ i}, (1}, {113, {e, o, i}}, ~ax]

- q (dX)S/Z

Problem 91: Unable to integrate problem.

J(d x)*/? PolyLog |3, axd] dx

Optimal (type 5, 125leaves, 5steps):



16 ad g> x2*9+/d x Hypergeometric2fF1[1, *—,

N =

(4+§), axq}

125 (5+2q)

89* (dx)>?Log[1-ax%] 4q (dx)*?Polylog[2, axd] 2 (dx)*?PolyLog[3, ax]

+

125d 25d 5d

Result (type 9, 50 leaves):
x (dx)*?MeijerG[{{1,1,1,1,1- i} (v}, {(13, {e, 0, 0, -;’—q}}, ~axd]

q

Problem 92: Unable to integrate problem.

J\/dx Polylog|3, ax?] dx

Optimal (type 5, 124 leaves, 5steps):

3
16 ag> x'*9~/d x Hypergeometric2Fi[1, Tq, % (4 + i) , axd]

27 (3+2q)

8q? (d x>3/2 Log[1-axi] 4q (d x)3/2 Polylog[2, axi] 2 (d x)3/2 PolylLog[3, ax9]

- +

27d 9d 3d

Result (type 9, 50 leaves):
.. 3 3
_xx/dx MeijerG|{{1,1,1,1,1- ;}, (1}, {113, {o, 0, o, -;}}, ~axd|

q

Problem 93: Unable to integrate problem.

PolylLog[3, ax9]
J dx
\dx

Optimal (type 5, 115leaves, 5steps):

16 a g x9/d x Hypergeometric2F1 [1, —, % (4 +1
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ql’ axq] 8g2+/dx Log[l-ax% 4qg+dx PolylLog[2, ax9] 2-/dx PolylLog[3, ax9]
- - +

d(1+2q> d

Result (type 9, 50 leaves):

d

d
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xMeijerG[{{1, 1,1, 1, 1- i}, (v}, {111, {e, 0, 0, -i}}, ~axd]

g\Vdx

Problem 94: Unable to integrate problem.

PolylLog[3, ax9]
J dx

<dX>3/2

Optimal (type 5, 1191leaves, 5steps):

3 5 1 1 1 1
16aqg’ x9 Hyper‘geometr‘1c2F1[1, 5 (2— q), N (4— q), axq] 8g2Log[l-axi] 4qPolylog[2, axi] 2PolylLog[3, axd]
+ _ -

d(1-2q)Vdx d~/dx d~/dx d~/dx

Result (type 9, 50 leaves):
.. 1 1
xMeijerG[{{1, 1, 1,1, 1+ ;}, (1}, {113, {e, 0, o, ;}}, ~a x|

q (dX>3/2

Problem 95: Unable to integrate problem.

PolylLog[3, ax9]
J dx

(d X>5/2

Optimal (type 5, 129 leaves, 5steps):

3 -1+ : 1 3 1 3
16 ag’ x QHyper‘geometr‘lc2F1[1, 5 (2— q), 5 (4— q), an} . 8q2 Log[1-ax9] ) 4 qPolylog[2, axd] ) 2 Polylog[3, ax]

27d? (3-2q) Vdx 27d (dx)*? 9d (dx)*"? 3d (dx)*?
Result (type 9, 50 leaves):
P 3 3
xMeijerG[{{1, 1,1, 1, 1+ ool b {11y, {e, 0,0, 21}, -a x|

q (dx>5/2

Problem 101: Unable to integrate problem.

J

Optimal (type 4, 9leaves, 2 steps):

3 1
PolyLog[—f, ax] +PolyLog[—£, ax] dx
2
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1
X PolyLog[— —, a x]
2
Result (type 8, 17 leaves):

J

Problem 103: Unable to integrate problem.

3 1
PolyLog|- =, ax| +PolylLog[-—, ax] | dx
2 2

j(d x)"PolyLog[3, ax] dx

Optimal (type 5, 102 leaves, 4 steps):

a (dx)*™Hypergeometric2F1(1, 2+m, 3+m, ax] (dx)*"Log[1-ax] (dx)*"Polylog[2, ax] (dx)*™PolyLog[3, ax]

d2(1+m)3(2+m) d(1+m)3 d(1+m>2 ' d(1+m)

Result (type 9, 88leaves):

1
- x (dx)"Gamma[2+m] (a (1+m)xGamma[1l+m] HypergeometricPFQRegularized[{1, 2+m}, {3+m}, ax] +

(1+m)* Gamma[1 +m]

Log[1-ax] + (1+m) Polylog[2, ax] -PolylLog[3, ax] -2mPolylog[3, ax] -m?PolyLog[3, ax])

Problem 104: Unable to integrate problem.

J(d x)" Polylog[4, ax] dx

Optimal (type 5, 121 leaves, 5steps):

a (dx)*™Hypergeometric2F1(1, 2+m, 3+m, ax] (dx)""Log[1-ax]
+ +

d? (1+m>4<2+m) d(1+m)4

(d x)l”" Polylog[2, ax] (d x)l*m Polylog([3, ax] (d x)l”" PolylLog[4, ax]

d(1.m) d (1+m)2 ’ d(1+m)

Result (type 9, 119leaves):
1

(1+m)° Gamma[1 +m]
x (dx)"Gamma[2+m] (a (1+m) xGamma[l+m] HypergeometricPFQRegularized[{1, 2+m}, {3+m}, ax] +Log[l-ax] + (1+m) Polylog[2, ax] -
Polylog(3, ax] -2mPolyLog[3, ax] -m?*Polylog[3, ax] +PolyLog[4, ax] +3mPolylog[4, ax] +3m?PolylLog[4, ax] +m’Polylog[4, ax])
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Problem 106: Unable to integrate problem.

J(d x)" Polylog[3, ax?] dx

Optimal (type 5, 118 leaves, 5steps):

3+m 5+m

8a (dx)>"Hypergeometric2Fi[1, PR ax?| g4 (dx)*"Log[1-ax?] 2 (dx)""PolylLog[2, ax?] (dx)""PolyLog|3, ax?]

@ (14m)® (3+m) d(1:m)° d (1+m)2 ' d(1:m)

Result (type 9, 126 leaves):
1

(1+ m)4 Gamma | 1;’“}

] [2a (1+m) x> Gamma | | HypergeometricPFQRegularized| {1, 3em b | >+m
2 2 2 2

3+m 1+m

2x (dx)" Gamma | },ax?] +4Llog[1-ax?] +

2 (1+m) PolyLog[2, ax?| - PolyLog|[3, ax?| - 2mPolylLog|3, ax?| - m? PolyLog|[3, a x?|

Problem 107: Unable to integrate problem.
J(d x)" Polylog[4, ax?] dx

Optimal (type 5, 142leaves, 6 steps):

3+m 5+m

16 a (d x) > Hypergeometric2F1 |1, n, 2, ax?| g (dx)*" Log[1-ax?]
+ +

d® (1+m)* (3+m) d(1+m)*

4 (d x)l*m Polylog[2, ax?| 2 (d x)l*m Polylog|3, ax?| (d x) " PolyLog 4, ax?]

d(1:m)° d(1+m)? ' d(1:m)

Result (type 9, 166 leaves):
1

(1+m)SGamma[1*T'"]

2x (d x)'"Gamma[3+m] 4a (1+m)x Gamma[1+m] HypergeometricPFQRegularized| {1, 3+m}, {5+m

2 2 2 2
4 (1+m) PolylLog[2, ax?| - 2Polylog[3, ax?| -4mPolylog[3, ax?| - 2m? PolyLog|[3, ax?] +

},ax?] +8Llog[1-ax?] +

PolyLog[4, ax?| + 3mPolylLog|[4, ax?] +3m? PolyLog[4, ax?] +m? PolyLog[4, a x?]
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Problem 109: Unable to integrate problem.
J(d x)" Polylog[3, ax?] dx

Optimal (type 5, 118 leaves, 5steps):

. 27 a (d x)*" Hypergeometric2F1|1, 4?"', %": ax’| o (dx)*"Log[1-ax®] 3 (dx)""PolyLog[2, ax?] (dx)""PolyLog|3, ax?]

d* (1+m>3(4+m> d(1+m)3 d(1+m>2 d<1+m>

Result (type 9, 126 leaves):
1

) (1+m)4Gamma[%“}
4+m 7+m

3x (d x)'"Gamma[4+m] 3a (1+m) x> Gamma | | HypergeometricPFQRegularized| {1, s |
3 3 3 3

1+m

},ax’] +9Log[1-ax?] +

3 (1+m) PolyLog[2, ax?| - Polylog|3, ax’| - 2mPolyLog|3, ax’| -m? PolyLog|3, ax’|

Problem 110: Unable to integrate problem.
J(d x)" Polylog[4, ax?] dx

Optimal (type 5, 142leaves, 6 steps):

81a (d x)*" Hypergeometric2F1|[1, 4?'", 7;—’", ax?| ) 27 (dx) ¥ Log[1 - a x?] )

d* (1+m)* (4+m) d(1+m)?

9 (d x)l*m Polylog[2, ax*| 3 (d x)l*m Polylog(3, ax*| (d x)l*m Polylog|4, ax?]

d(1:m)° d(1+m)? ' d(1:m)

Result (type 9, 166 leaves):
1

(1+m)SGamma[1*T'"]

3x (d x)'"Gamma[4+m] 9a (1+m) x* Gamma[1+m] HypergeometricPFQRegularized| {1, 4+m}, {7+m

3 3 3 3
9 (1+m) PolylLog[2, ax’] - 3PolyLog[3, ax?| - 6mPolyLog[3, ax?] - 3m? Polylog|3, ax’| +

},ax?] +27Log[1-ax?] +

PolyLog[4, ax’| + 3mPolylLog|[4, ax?] + 3m? PolyLog[4, ax?] + m> PolyLog[4, a x*]
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Problem 112: Unable to integrate problem.

J(d x)" Polylog[3, axd] dx

Optimal (type 5, 130leaves, 5steps):

+ . 1+m+q 1+m+2¢
aq’x''9 (dx)"Hypergeometric2F1[1, 2 s mq » axd] g% (dx)*"Log[1-ax?] q (dx)*"PolyLog[2, ax?] (dx)*™"PolyLog(3, axd]

- - +
(1+m) (14mq) d(1+m)’ d(1+m)? d(1+m)
Result (type 9, 50 leaves):

x (dx)"MeijerG[{{1, 1,1, 1, 1- 1;”}, (v}, {111, {e, 0, o, 71;—”}}, ~axd]

q

Problem 113: Unable to integrate problem.
J(d x)" Polylog[4, ax?] dx

Optimal (type 5, 154 leaves, 6 steps):

ag*x9 (dx)"Hypergeometric2Fi|1, 1*%“1, %‘, axd] a* (dx) ™ Log[1 - ax]
+ +

(1+m)4(1+m+q) d(1+m>4

q? (dx)*"Polylog[2, ax?] q (dx)""PolyLog[3, ax%] (dx)''"PolyLog[4, axd]

- +
d(1+m)3 d<1+m>2 d<1+m)
Result (type 9, 52 leaves):

x (dx)"MeijerG[{{1,1,1,1,1, 1- 1;—'"}, {1}, {{13, {0, 0, 0, 0, _1;"‘}}, ~axd]

q
Problem 152: Unable to integrate problem.

J Log[1-e (%)n} o

(a+bx) (C+dx>

Optimal (type 4, 33 leaves, 1step):
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PolyLog[Z, e (M)n}

c+d x

(bc-ad)n

Result (type 8, 40 leaves):
Log[1-e [2:2x)"

_ [ (c+dx) } dx
(a+bx) (c+dx)

Problem 181: Unable to integrate problem.

J(g+hLog[f (d+ex)"]) PolyLog[2, c (a+bXx) |

dx
X

Optimal (type 4, 2498 leaves, 22 steps):

bglog[2<*] Log[l-ac-bcx] bhnLog[2<*] Log[l-ac-bcx] Logld+ex]
_ l-ac B l-ac —
a a
+e- re- ) —ac) (d+
bhn (Log| 22X | + Log[ "S%225e] - Log [ heieeen x| | Log 2o (feext ) )
2a
bhn (Log{ff—at} —Log{—ed_x]) (Log[l—ac—bcx] +Log[%ﬂ)z ) thog[%} Log[l-ac-bcx] (nlog[d+ex] -Log[f (d+ex)"]) )
2a a

bhn (Log{c (a - bx)} * LOg[ bbccd:;:ea;)e} - LOg[ (de*Z’:di:j()(a*bX) ]) LOg[ (bd—aeb)(?;—ecXZamx)) ]2 3
2a

e [Log[c (o0 Lo SEEAC | - Log[ S 05 ) Log [ E S )® e iogi) Lopla ] tonla (00|
2d d

bhnLlog[c (a+bx)] Log[d+ex] Log[1-c (a+bx)| ehnlog[c(a+bx)]Log[d+ex]Log[l-c (a+bx)]

a d
bhn(Log[c (a+be—Log[—gﬂL]) (Log[ b idiex) ]+Log[1—c(a+bx)])2
bd-ae (bd-ae) (1-c (a+bx)) .
2a
+ + 2
ehn (Log[c (a+bx)] —Log[—ﬁ]) (Log[ (bd—aeb)(?lix()a»fbx)) | +Log[1-c (a+bx)])
N

2d

+

2d
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ehn (Log[c (a+bx) ]| -Log[1+ b?x}) (Log[x] +Log[—ﬂ1’—cb()a(*ﬂ)—)—])2 ) ehn (Log[l—c (a+bx) ] —Log[—ﬂl’—cb(i*—bx)—)—]) PolyLog|2, —%X} )

2d d
bgPolyLog|2, c (a+bx)| ehnlog[x]Polylog[2, c (a+bx)| ehnLog[d+ex]Polylog|[2, c (a+bx)]
+ - +

a d d
bh (nLog[d+ex] -Log[f (d+ex)"|) PolylLog[2, c (a+bx)]| (g+hLog|[f (d+ex)"])Polylog|2, c (a+bx)]

a X

bgPolylLog|2, 1- ff—a’;] bhn (Log[d+ex] —Log{ﬁﬁ)—]) Polylog|2, 1- ffT’z]

+
a a

bh (nLog[d+ex] -Log[f (d+ex)"]|) PolyLog|2, 1- ffT’(c] bhnLOg[%)‘} Polylog|2, %ﬁ]

a a
- + —ac- + +
bhn Log[i—u—)—dl(i:cice:) | Polylog|2, —e—(ﬁ)—] bhn (Log[ (bd—a:)<?1—ecx()a+bx)) ] +Log[1-c (a+bx) U Polylog|2, %] )
a a
ehn (Log[ (bdia:)(zjfcx()amx)) | +Log[1-c (a+bx) ]) PolyLog|2, J_J_bbjizz ]
d
bhn (Log[l—ac—bcx] +Log[%)—” Polylog[2, 1+ ed—x] ) ehnLog[_a—(%i*ﬂ)—L} Polylog|2, _m} )
a d
- + +
ehn Log|- t-clabxll ‘bi ©X1 | polylog|2, 7—17cb(:+xbx) ] ) bhn (Log[d+ex] - Log| (bdia:)(?li"gamx)) }) Polylog[2, 1-c (a+bx) | )
d a
ehn (Log[d+ex] - Log | (bd_a:)(fl*i"()amx” ” Polylog[2, 1-c (a+bx) ]| ) ehn (Log[x} + Log[—ﬂl’—cb(i*ﬂﬁ}) Polylog[2, 1-c (a+bx) | )
d d
b (d+e x) 1- +b b (d+e x) 1- +b
bhn LOg[ (bd-ae) (l—ecx(a+bx)) ] PolyLog[Z, - bcc(diex))( ] . ehn LOg[ (bd-ae) (1fcx(a+bx)) } P01yLOg[2’ - bcc(dfex;( ]
a d
bhn LOg[ (bd-a :)<?1+—ecXZa+bx)) ] POlyLOg[Z’ oo L:))(E:IlJ:ei(()a+b o } _ ehn LOg[ (bd-a eb)(?::—ecXZmbx)) ] POIyLOg[Z’ e i)(;{r;cx()am)()) } B
a d
ehnPolylog|3, —b?"] ) bhnPolylog[3, 1- iﬁ] i bhnPpolylog|3, %ﬁ} . bhnPolylog|3, —W} )
d a a a
bhnPolyLog|3, b—b(ﬁ)—] ehnPolylog|3, %ﬁﬂ ) bhnPolyLog[3, 1+ ed—x] ) ehnPolylog|3, —m} )
a d a d

bcx e (1-c (a+bx) }

ehnPolylog[3, - e (amx)} bhnPolylog[3,1-c (a+bx) | bhnPolyLog|3, - be (deex)

d a a
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_e(l-c a+b x (bd-ae) (1-c (a+bx)) (bd-ae) (1-c (a+bx))
ehnPolylog|3, 4—(—“ e | bhnPolyLog|3, D dex | ehnPolylog|3, o diex, ]

d a d

Result (type 8, 29leaves):

J(g+hLog[F (d+ex)"]) PolyLog[2, c (a+bXx) ]| ix

x2

Problem 182: Unable to integrate problem.

j(g+hLog[F (d+ex)"]) PolyLog[2, c (a+bXx) |

dx
X3

Optimal (type 4, 3119leaves, 44 steps):

2 bcx bcx 2 bcx

b gLog[liac} Log[l-ac-bcx] ) behnLog[liac] Log[l-ac-bcx] ) b hnLog[liac] Log[l-ac-bcx] Log[d+ex] )

2 a? ad 2 a2
bc (d+ex) 2 bcx bcd+e-ace _ (bcd+e-ace) x (1-ac) (d+ex) 12
behnLog[l—ac—bcx} Log[bcme,ace] b*hn (LOg[l—ac} +L0g[ bc (d+ex) ] LOg{ (1-ac) (d+ex) ]) LOg[ d (1-ac-bcx) } B
2ad 4 a?

b2hn (Log[b”] —Log[—ed—x]) (Log[l—ac—bcx] JrLog[ilfi)—(d*i)-”2 bZhLog[lb_c—a’;] Log[1-ac-bcx] (nLog[d+ex] -Log[f (d+ex)"])

l-ac d (l-ac-bcx)
- +
4 a2 2a?

bchog[—ed—X} (g+hLog[f (d+ex)"]) pLog[i-ac-bcx] (g+hLog[f (d+ex)"]) b2 ¢ Log [ &2 ] (g hLog[f (d+ex)"])
+

bcd+e-ace

2a(l-ac) 2ax 2a(l-ac)
ot [Log[c (2 %]  Log[IE5255] Log| Bty 0| Log| L biaan )
N
4 32
e2hn (Log[c (a+bx) ] +Log[m%:;e} - Log| (def'(adi:l)“*bX) ]) Log | (bdfaeb)?;ecx()mbx)) ]2 ) e?hnLog[x] Log |1+ ba—x] Log[1-c (a+bx) ] )
4.d? 2d?
b2hnlog[c (a+bx)]| Log[d+ex] Log[1-c (a+bx)]| e*hnlog[c(a+bx)]Log[d+ex]Log[l-c (a+bx)]
+ +
2 a2 2 d2
+ + 2
b2hn (Log[c (a+bx)] —Log[—J—HbZi:z H (Log[ (bdia:)(?lixzmbx)) | +Log[1-c (a+bx)” )
4 32
eZhn(Log[c (a+bx)}fLog[fﬂM” (Log[ b (d+ex) }+Log[1—c(a+bx)”2
bd-ae (bd-ae) (1-c (a+bx))

4 d2
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ezhn(Log[1+b?x]+Log[ l-ac ]_Log[gl—ac) (a+bx)]) Log[_aﬁl—c(a»fbx))}z

1-c (a+bx) a (1-c (a+bx)) b x 3
4 d2
e2hn (Log[c (a+bx)]-Log[1+ :—X” (Log[x] +Log[—ﬂ1’—cb(i*ﬂ)—)—])2 ) eZhn (Log[l—c (a+bx)] —Log[—a—(%i*ﬂ)—)—” Polylog|2, —ba—x] )
4 d2 2d?
b? g Polylog|2, c (a+bx) | i behnPolylog[2, c (a+bx)] i ehnPolylog|2, c (a+bXx) | . e?hnlLog[x] PolyLog|2, c (a+bx) | X
2 a? 2ad 2dx 2d?
e’hnlog[d+ex] Polylog[2, c (a+bx)| b?h (nLog[d+ex] -Log|[f (d+ex)"]) PolyLog[2, c (a+bx) ]
2 d? 232
(g+hLog[f (d+ex)"]) PolyLog[2, c (a+bx) | X behnPolylog|2, %ﬁ)‘] . b2 g Polylog[2, 1- ﬁ] i
2 x? 2ad 2 a?
behnPolylog[2, 1- ff—aﬂ ) b>hn (Log[d+ex] —Log[%]) PolyLog[2, 1- ff—a"c} )
ad 2a?
b>h (nLogl[d+ex] - Log|f (d+ex)"]) PolyLog[2, 1- ff—at] ) b?hn Log[%] PolyLog|2, %]
23a? 2 a?
b2hn Log[‘—U—Ldl(’:‘fa c—(::::) | PolyLog[2, - &acbex blc’j;;::)x ] ) b2hn (Log{ Sae :)(7Ifcxza+bx)) | +Log[1-c (a+bX) ]) PolyLog|2, J—Lbbji:’; ]
2 a2 2 a?
e2hn (Log{ (bd,a:)(?;ecx()amx)) ] +Log[1-c(a+bx] ]) Polylog|2, _(‘bbjt:?‘} ) b2 chnPolylog|2, J—Lbbccd:l*:‘ce] ) b2 chnPolyLog[2, 1+ ed—x]
2 d2 2a(1-ac) 2a(1-ac)
b2hn (Log[l—ac—bcx] +Log[%ﬁﬁl” PolyLog[2, 1+ %] ) ezhnLog[—ﬂl’—cb(i*#&] PolyLog|2, —m]
222 2 d?
e2hn Log[fa—(bcbi*ﬂ)—)—} PolyLog|2, 7%} ) b2 hn (Log[d+ex} - Log| (bd_a;(?l*ixzamx)) ]) Polylog(2, 1-c (a+bx) | )
2 d? 2 a?
e2hn (Log[d+ex] - Log]| (bdiaet’)‘:’fcxzawx)) ]) Polylog (2, 1-c (a+bx) | ) eZhn (Log[x] + Log[—ﬂl’—cb()a(*ﬁm—]) Polylog|[2, 1-c (a+bx) | )
2 d? 2 d?
b2 hn LOg[ (bd—aeb)(:j::—ecxzmbx)) } P01yLOg[21 - l;l;c(d:t:())( ] B ez hn LOg[ (bd—a:)(?;—ecXZamx)) ] POIyLOg{Z’ -5 blt_:c(d:t:())( ] 3
2a? 2d?
b (d+e x) bd- (1- +bx)) b (d+ (bd-ae) (1-c (a+bx))
b*hn Log[ (bd-ae) (1—ecx(a+bx)) } PolyLog[Z, ( aeb)(d+ecx;a n ] . ethn Log[ (bd-a e)((:cx()amx)) } PolyLog[Z, aeb <d+ecx>a * ] )
2a? 2d?

e?hnPolylog|3, fbx} b2hnPolylog|3, 1- bc—x} b2 hnPolylog|3, dd-achex) | b*hnPolylog|3, - &ti2cbexl lacbex ]

? 1-ac (1-ac) (d+ex) bc (d+ex)

.
2d? 232 2 a2 2 a?
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2 b (d+ex) 2 b (d+ex 2 ex 2 o —bx
b2 hnPolyLog|3, e ] ) e?hnPolyLog|3, e ] ) b2hnPolylog|3, 1+ y ] ) e?hnPolylog|3, 2 (e (206 ]
2 a2 2d2 2a2 2d?
2 bcx 2 e (l-c (a+hx))
e?hnPolylog|3, SR ] b2 hnPolylog[3, 1-c (a+bx)] b2hnPolylog|3, - be (drex) ]
+ + B
2d2 232 232
2 e (l-c(athx)) 2 (bd-ae) (1-c (a+bx)) 2 (bd-ae) (1-c (a+bx))
e?hnPolylog|3, i | b*hnPolyLog|3, P | e*hnPolylog|3, b e ]
_ +
22 2a? 2d?

Result (type 8, 29 leaves):

dx

J(g+hLog[-F (d+ex)"]) PolyLog[2, c (a+bXx) |

X

Problem 183: Unable to integrate problem.

J(g+hLog[F (d+ex)"]) PolyLog[2, c (a+bXx) ]| ix

x4

Optimal (type 4, 3733 leaves, 78 steps):
b?cehnlog[x] b?cehnlog[l-ac-bcx] behnlog[l-ac-bcx]
- +
2a(l-ac)d 3a(l-ac)d 3adx

b3gLog[bcx]Log[1—ac—bcx] bzehnLog[M} Log[l-ac-bcx] bezhnLog[M] Log[l-ac-bcx]

l-ac l-ac l-ac

+ + -
3al 2a%d 2 ad?
b3hnLog[bcix} Log[l-ac-bcx] Log[d+ex] b?ehnlLlog[l-ac-bcx] Log[b—c(w}

l-ac bcd+e-ace

6a(1—ac)d 3a3 3aZd

b2cehnLog[d+ex]

2 B B bc (d+ex) 3 bcx bcdie-ace] (bcd+e-ace) x ) (1-ac) (d+ex) 12
be hnLOg[l ac bCX} LOg[bchreface} b>hn (LOg{lfac] +L0g[ bc (d+ex) ] LOg[ (1-ac) (d+ex) } LOg[ d (l-ac-bcx) }

+

6ad? 6a’

b>hn (Log[lbfT’z] —Log[—e(TX]) (Log[l—ac—bcx] +Log[%”z ) b3hLog[1bf—a’Z] Log[1-ac-bcx] (nLog[d+ex] -Log[f (d+ex)"])
633 3a3

b2c (g+hLog[f (d+ex)"]) ) b3c2Log[—eT"] (g+hLog[f (d+ex)"]) _b3cLog[—‘iT"] (g+hLog[f (d+ex)"])

6a(l-ac)x 6a(1fac)2 3a2 (1-ac) "

blog[l-ac-bcx] (g+hlog[f (d+ex)"]) b’*log(l-ac-bcx] (g+hLog|[f (d+ex)"]) b3C2L08[%ﬁ} (g+hLog[f (d+ex)"])
- - +

6 a x2 3a2x 6a(1fac)2
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b3 ¢ Log[m} (g+hLog[f (d+ex)"]) ) b3hn (Log[c (a+bx)] +Log[bbccda+:;>e] - Log| (de+:_(adieel)(a+bx) ]) Log | (bd,a:wzifcxzamx)) & 7

3a2 (1-ac) 6 a3

e [Log[c (o bx) |+ Log 88t | - og [ esitecssn ) Log L bte | o hnLogix] Log[1+ ] Log[1-c [a+bx)]

+ +

6 d3 3d3
b*hnlog[c (a+bx)]Log[d+ex] Log[1-c (a+bx)]| e*hnlog[c(a+bx)]Logld+ex]Log[l-c (a+bx)]|

333 3d3

b3hn (Log[c (a+bx” —Log[——(—)-ebiz: ” (Log[ (bdfa:)(f;ecxzmbx)) ]

+Llog[l-c¢ (a+bx)”2

.
6a’

e3hn (Log[c (a+be —Log[—J—)—ebZizz ” (Log[ (bdfa:)(?fcxzamx)) ]

+Log[1-c (a+bx)”2

+

6d3

- —=-ac (1-ac) (a+bx) a(l-c (a+bx))
e*hn (Log[1+ bax] + Log[L:(:fbx) ] - Log[alu‘t (ai‘bi?) ]) Log[- 242 iz b2 12

+

6d3

e hn (Log[c (a+bx) ] -Log[1+ %X” (Log[x] +Log[—ﬂ1’—°b(i*—bx&])z ) e3hn (Log[l—c (a+bx)] —Log[—ﬂl’—cb(i*ﬂ&” PolyLog|2, - )

6 d3 3d3
b* g PolyLog[2, ¢ (a+bx)] b2 ehnPolylLog[2, c (a+bx)] be2hnPolylLog[2, c (a+bx)} ehnPolyLog[2, c (a+bx)]

+ + - +
3a3 6ad 3ad? 6 d x?

e’hnPolylog[2, c (a+bx) | . e*hnlLog(x] PolylLog[2, c (a+bx) | ) e*hnlog[d+ex] Polylog[2, c (a+bx)] .
3d2x 3d3 3d3
b>h (nLog[d+ex] - Log[f (d+ex)"|) PolyLog[2, c (a+bx)]| (g+hLog[f (d+ex)"])PolyLog|2, c (a+bx)]
3a’ ) 3x3
b2ehnPolylog[2, &1-2€LX ] pe2hnpolylog[2, 222X ]  p3gpolylog[2, 1 - 2|

o
o |2
—

bcd+e-ace bcd+e-ace l-ac

3a%d 6 a d? 333

b b 3 (l-ac) (drex) bcx
b?ehnPolylog[2, 1- ﬁ] be?hnPolylLog[2, 1- ﬁ] b*hn (LOg[d+eX] - Log| d (-2 tobcx) ” Polylog |2, 1- 1—ac]
- +

2a%d 2 ad? 333

b3 h (n Log[d +ex] - Log [F (d +e x) "} ) PolylLog [2, 1- IbfT’Z] b3 hn Log [ i—u—Ldlgla_zc_i+::) ] PolylLog [2: _(—)_?l_lafca)c;:fe);) ]

3a3 3a3

- + - - + +
b3hn Log[l—U—Ldl(ffacj;j; | PolyLog[2, - &2 blcj;:;)x ] bdhn (Log[ (bdfa;(flfcxzmx)) ] +Log[1-c (a+bx) ]) Polylog|2, bbjj: ]

3a3 3a3

o (Logl 240 - togl1-c (a-bx) || rolylog[2, %82 b ctnpolyion[2, Seden

3d3 6a(1—ac)2
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bcd+e-ace d

b*>chnPolylog[2, 2<l4ex-| p3c2hnpolylog2, 1+ *| b*chnPolylog[2, 1+ ed—x}

3a2(17ac) 6a(1—ac)2 3a2(17ac)
3 _ _ l-ac) (d+ex ex 3 _a(l-c a+b x _ b x
b>hn (Log[l ac-bcx] +Log[1—)—(—)—d e ” PolylLog[2, 1+ ; | e*hnLog| 4—(—)—)—“ | PolyLog|2, TR (amx))]
+
3a3 343
3 _a(l-c a+b x _ bcx 3 _ b (d+e x) _
e*hn Log| —‘A—L)—bx | PolyLog|2, P ] ) b>hn (Log[d +ex] - Log| R PR — ]) Polylog(2, 1-c (a+bx) |
3d3 3a3
3 _ b (d+ex) _ 3 a (1-c (a+bx))
e’hn (Log[d+ex] Log[(bdiae) (17c(a+bx))]) Polylog[2, 1-c (a+bx)| e3hn (Log[x] +Log|- .2 ]) Polylog([2, 1-c (a+bx) |
. _
3d3 3d3
3 b (d+e x) _e(l-c(a+bx)) 3 b (d+e x) _e(l-c(a+bx))
b*hn LOg[ (bd-ae) (1-c (a+bx)) } POIyLOg [2, bc (d+ex) ] € hn Log[ (bd-ae) (1-c (a+bx)) ] P01yLog [ZJ bc (d+ex) ]
3 a3 343
3 b (d+e x) (bd-ae) (1-c (a+bx)) 3 b (d+e x) (bd-ae) (1-c (a+bx))
b>hnLog| TR PR —— | PolyLog|2, - | e*hntLog| PR PR | PolyLog|2, o (drer) ]
3 a3 343
3 bx 3 bcx 3 d(l-ac-bcx) 3 _e(l-ac-bex)
e>*hnpolyLog|3, - - ] ) b’ hnPolyLog|3, 1- —1735} b>hnPolyLog|3, e e ] ) b’ hnPolyLog|3, be aren] ]
3d3 3a3 3a3 3a3
3 b (d+ex 3 b (d+ex 3 ex 3 _ bx
b>hnPolylog|3, oliex] _&hn Polylog[3, Blo=ex.] b hnPolylog[3, 1+ ] e hnPolylog[3, - "]
3 a3 343 333 343
3 ___bex 3 _e(l-c(ashx))
e*hnPolylog|3, P~ ] b>hnPolylog[3, 1-c (a+bx)] b>hnPolylog|3, v ]
343 3al 3 a3
3 _e(l-c (a+bx)) 3 (bd-ae) (1-c (a+bx)) 3 (bd-ae) (1-c (a+bx))
e’ hnPolylLog [3, be diex) } . b? hnPolylLog [3, b (drex) ] e’ hnPolylLog [3, b (drex) ]
3d3 3a3 3d3

Result (type 8, 29leaves):

dx

J(g+hLog[f (d+ex)"]) PolyLog[2, c (a+bXx) |

X

Problem 196: Unable to integrate problem.

dx

J(a+bx+cx2> Log[1-dx] PolylLog[2, dx]
3

X

Optimal (type 4, 343 leaves, 32 steps):
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1 alog[l-dx]2 b (l-dx)Log[l-dx]?
- ~ad®Llog[l-dx]%+ gl ] + ( ) Losl I”
X 4 4 x? X

b2 Log[d x] Log[1-dx]? b+ad)?Log[dx] Log[1-dx]?2 1 adPolylog[2, dx
gldx] Logl I”, ( )" Logdx] Log } -2bdPolylLog[2, dx] - —ad?PolylLog[2, dx] + ytogl2, dx]
2a 2a 2 2 X

(b+ad)2 Log[1-dx] PolyLog[2, dx] (a+bx)2 Log[1-dx] PolyLog[2, dx] 1 , b?log[1l-dx] Polylog[2, 1-dx]
- 5 - —cPolylog[2, dx]“ - +
2a 2ax 2 a

b+ad)?Llog[l-dx] Polylog[2, 1-dx] 1 b2 Polylog[3, 1-d X b+ad)?PolylLog[3, 1-dx
( )" Logl | Polytog[2, ] ~ ~d(2b+ad) Polylog(3, dx] + ytogl 1| )" PolyLog(3, 1
a 2 a a

adLlog[l-dx]

-~ad?Llog[x] +ad?Log[l1-dx] -

Result (type 8, 28 leaves):

J(a+bx+cx2) Log[1-dx] PolyLog[2, dx] 5
X

x3

Test results for the 398 problems in "8.9 Product logarithm function.m"

Problem 159: Unable to integrate problem.

JPr'oductLog [ax?] 4
X

x3

Optimal (type 4, 28 leaves, 2 steps):
ProductLog|a x?|

1
~ a ExpIntegralEi|-Productlog|ax?]] -
2 2x2

Result (type 8, 12leaves):

jPr‘oductLog [ax?] 4
X

x3

Problem 161: Unable to integrate problem.

JPr‘oductLog [ax?] 4
X

x°

Optimal (type 4, 30leaves, 2 steps):
Productlog|a x?|

1 a® ExpIntegralEi[-2Productlog|ax?]| -
2 2 x4
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Result (type 8, 12leaves):

dx

JPr‘oductLog [ax?]
5

X

Problem 163: Unable to integrate problem.

JPr‘oductLog [a xz} ;
X

x7

Optimal (type 4, 45leaves, 3 steps):

ProductL 2 ProductL 212
333 Eprntegr‘alEi[73 ProductLog[aXZH ~ roduc Og[ax } . roduc og[ax ]
N 4 x° 4 x®

Result (type 8, 12leaves):

dx

JPr‘oductLog [ax?]
7

X

Problem 170: Unable to integrate problem.

JPr‘oductLog [ax?] 2 5
X

x3

Optimal (type 4, 27 leaves, 2 steps):

ProductLog[ax?| Productlog|ax?| 2

x2 2 x2

Result (type 8, 14 leaves):

JPr‘oductLog [a xz} 2 4
X

x3

Problem 172: Unable to integrate problem.

dx

JPr‘oductLog [ax?] 2
5

X

Optimal (type 4, 32leaves, 2 steps):
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ProductLog|a x?] 2

1
~ a? ExpIntegralEi[-2 ProductLog|ax?]] -
2 4 x4

Result (type 8, 14 leaves):

dx

JPr'oductLog[a x| 2
5

X

Problem 174: Unable to integrate problem.

JPr‘oductLog [ax?] 2 5
X

x’

Optimal (type 4, 30leaves, 2 steps):

ProductlLog [a xz} 2

-a’ ExpIntegralki[-3 Productlog|ax?]] - ;
2 X

Result (type 8, 14 leaves):

JPr'oductLog [ax?] 2 5
X

x’

Problem 176: Unable to integrate problem.

dx

JPr'oductLog[a x| 2
9

X
Optimal (type 4, 45leaves, 3 steps):

ProductLog [a xz] > ProductLog [a xz} ’

2 a* ExpIntegralEi[-4 Productlog|ax?] ] - +
4 x8 2 x8

Result (type 8, 14 leaves):

JPr‘oductLog[a x2| 2

dx

x°

Problem 182: Unable to integrate problem.

JPr'oductLog [ax?] } 5
X

x3
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Optimal (type 4, 44 leaves, 3 steps):

3 ProductLog|ax?] 3 ProductlLog|ax?] > ProductlLog [ax?] }

2 x2 2 x2 2 x2

Result (type 8, 14 leaves):

JPr‘oductLog [ax?] } .
X

x3

Problem 184: Unable to integrate problem.

JPr‘oductLog [a xz} } 5
X

x>

Optimal (type 4, 31leaves, 2 steps):

3 ProductLog|a x?] > ProductlLog [ax?] }

8 x* 4 x4

Result (type 8, 14 leaves):

jProductLog [ax?] } 5
X

x>

Problem 186: Unable to integrate problem.

JPr‘oductLog [ax?] } .
X

X7
Optimal (type 4, 32leaves, 2 steps):

ProductLog|a x?| }

: a® ExpIntegralEi|-3 Productlog|ax?]| -
2 6 X6

Result (type 8, 14 leaves):

dx

JPr‘oductLog [ax?] }
7

X
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Problem 188: Unable to integrate problem.

JPr‘oductLog [ax?] }

dx

x°

Optimal (type 4, 32leaves, 2 steps):

Productlog|a x?| }

3 a* ExpIntegralEi[-4 Productlog|ax?]| -
2

2 %8
Result (type 8, 14 leaves):
ProductlLog [a xz} }
J dx
X9
Problem 197: Unable to integrate problem.
1
J dx
x3 Productlog|a x?|
Optimal (type 4, 37 leaves, 4 steps):
1 1
- —— - ~aExpIntegralEi|-Productlog|ax?]] -
4x> 4 4 x? ProductLog|a x?|
Result (type 8, 14 leaves):
1
J dx
x3 Productlog|a x?|
Problem 199: Unable to integrate problem.
1
J dx
x° ProductLog|a x? ]|
Optimal (type 4, 52 leaves, 5 steps):
ProductL 2
_ + 1 a’ ExpIntegralEi|-2Productlog|ax?|]| - ! L ode oglax’]
12x4 3 6 x* Pr‘oductLog[a XZ] 6 x*

Result (type 8, 14 leaves):
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1
J dx
x® Productlog|a x?|

Problem 210: Unable to integrate problem.

1
J dx
x3 Productlog|a x?| 2

Optimal (type 4, 52 leaves, 5steps):
1 1

Lt a ExpIntegralEi|-Productlog|ax?] | - -
6x* 6 6 x2 ProductLog[ax?]? 6x?ProductLoga x?]

Result (type 8, 14 leaves):

1
J dx
x3 Productlog|a x?| 2

Problem 212: Unable to integrate problem.

Jx(’ \/c ProductLog[ax?| dx

Optimal (type 4, 106 leaves, 5 steps):

48 c* x’7 24 c3 x’
- +

2401 (c ProductLog[a x?])®"?

16807 (c Productlog|ax?])’’?

6 c?x’ cx’

Ty Ly \/c ProductLog|a x?|
343 (c ProductLog|a x?]) 49 \/c ProductLog|a x?| 7

Result (type 8, 18 leaves):

Jx(’ \/c ProductLog|ax?| dx

Problem 214: Unable to integrate problem.

JX4 \/c ProductLog[ax?]| dx

Optimal (type 4, 84 leaves, 4 steps):
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8c3x° 4 c? x> cx®

5/2 /2

- +
625 (c Productlog|ax?]) 125 (c Productlog|a x? )3

Result (type 8, 18leaves):

Jx“ \/c ProductlLog|ax?| dx

Problem 216: Unable to integrate problem.

JXZ \/c ProductLog[ax?| dx

Optimal (type 4, 62 leaves, 3 steps):

25 \/c ProductLog|a x?|

23 3
2c7x _ €x +1x3\/c ProductLog|a x?|

9\/c ProductLog|a x?| 3

27 (cProductlog|a x?] )3/2

Result (type 8, 18 leaves):

sz \/c ProductlLog|ax?| dx

Problem 218: Unable to integrate problem.

j\/c ProductLog[ax?]| dx

Optimal (type 4, 31leaves, 2 steps):

cX

+X \/c ProductLog|a x?|

\/c ProductLog|a x?|

Result (type 8, 14 leaves):

J\/c Productlog|ax?| dx

Problem 221: Unable to integrate problem.

\/c ProductLog|a x?|
X3

dx

Optimal (type 4, 52 leaves, 2 steps):

N \/ ¢ ProductLog|a x?
5



1 a~/c Vo Erf] \/C ProductLog|a x?| i \/c ProductLog|a x?]
2 Ve x?
Result (type 8, 18leaves):
dx

\/c ProductLog [a XZ]
3

Problem 223: Unable to integrate problem.

\/c ProductLog|a x?|
X5

dx

Optimal (type 4, 85leaves, 3 steps):

\E\/c ProductLog|a x?| \/c ProductLog|a x?|

(c ProductLog|a x?| )3/2

1
—a?+c /2r Erf|
3 A/ ¢ 3X4

Result (type 8, 18leaves):

\/c ProductLog|a x?|
XS

dx

Problem 225: Unable to integrate problem.

\/c ProductLog|a x?|
7

dx

Optimal (type 4, 107 leaves, 4 steps):

V3 \/c ProductLog|a x? | \/c ProductLog|a x?|

3cxt

(c ProductLog|a x?] )3/2
N
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2 (cProductlog|ax?| )5/2

2
——a3\/c_mEr‘f[
5 NS 5 x°

Result (type 8, 18leaves):

\/c ProductLog|a x?|
X7

dx

15 ¢ x®

5c2 x5
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Problem 227: Unable to integrate problem.

dx

\/c ProductLog|a x?|

Optimal (type 4, 84 leaves, 4 steps):

8c3x’ 4 c2x7 cx’ x’

- + +

7/2

2401 (c ProductLog|ax?]) 343 (c Productlog|ax?|)*? 49 (cProductlogax?|)”? 5 \/c ProductLog|a x|

Result (type 8, 18 leaves):

dx

\/c ProductLog|a x?|

Problem 229: Unable to integrate problem.

dx

\/c ProductLog|a x?|

Optimal (type 4, 62leaves, 3 steps):

2c?x° cx® x°

.
25 (cProductlog|ax?])*? s \/c ProductLog|a x?|

- +
125 (c Productlog|a x?] )5/2

Result (type 8, 18leaves):

dx

\/c ProductLog|a x?|

Problem 231: Unable to integrate problem.

dx

\/c ProductLog|a x?|

Optimal (type 4, 40 leaves, 2 steps):

cx3 x3
+

9 (cProductlog|ax?| )3/2 3 \/c ProductLog|a x?|




Result (type 8, 18leaves):

dx

\/c ProductLog|a x?|

Problem 236: Unable to integrate problem.

1

dx

x3 \/c ProductLog|a x? |

Optimal (type 4, 76 leaves, 3 steps):

Ve

a\/;Er‘f[ c ProductLog[a x?| ]

3v/c 3x2\/c ProductLog[a x?|

Result (type 8, 18leaves):
1

dx

x3 \/c ProductLog|a x?|

Problem 238: Unable to integrate problem.

1

dx

x5 \/c ProductLog|a x? |

Optimal (type 4, 107 leaves, 4 steps):
V2 4/ cProductLog|ax?]
24/ f
4a~/27 Erf| : ]

1

1 \/c ProductLog|a x?|

3 ¢ x?

\/c ProductLog|a x?|

4 (cProductlog|ax?] )3/2

15c 5x4\/c ProductLog|a x?]

Result (type 8, 18leaves):
1

dx

x5 \/c ProductLog|a x?|

15 c x*

+

15 c2 x*

8 Special functions.nb | 161
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Problem 240: Unable to integrate problem.

1

dx

X7 \/c ProductLog|a x?|

Optimal (type 4, 129 leaves, 5steps):
_12a3\/FEr‘f[ﬁ\/W]

1

35+/c 7x5\/c ProductLog|a x?|

3/2 5/2

\/c ProductLog|ax?] 2 (cProductlog|ax?]) 12 (cProductlog|a x?])
+

35 c x® 35 ¢? x° 35 ¢3 x®
Result (type 8, 18 leaves):
1

dx

x? \/c ProductLog|a x?|

Problem 245: Unable to integrate problem.

ProductL 2])P
J(c roductLog|a x?]) i

3
Optimal (type 4, 103 leaves, 5steps):
e?Productiog[ax’] Gamma [ -1 + p, ProductLog|a x?| ] ProductLog|a x?| 2P (c ProductLog[ax?])”

2ax?

e?Productlog[ax’] Gamma [p, ProductLog|a x?] | ProductLog|a x?] 2P (c ProductLog|ax?])”

2ax*

Result (type 8, 16 leaves):

ProductL 21)P
J(c roductLog|ax?]) i

x3

Problem 246: Unable to integrate problem.

Jx“ Pr‘oductLog[E] dx
X
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Optimal (type 4, 75leaves, 5steps):

1 a® ExpIntegralEi -5 Productlog]| i} |+ : x® ProductLog| i} L x® ProductLog | i] g > x® ProductLog | i] > 2 x® ProductLog | 3]4
24 X 4 X 12 X 24 X 24 X

Result (type 8, 12leaves):
4 a
Jx Pr‘oductLog[f] dx

X

Problem 247: Unable to integrate problem.

Jx3 Pr‘oductLog[i] dx
X

Optimal (type 4, 60 leaves, 4 steps):
8 , A a 1, a 1, a2 2 , a3
—a Eprntegr‘alE1[—4 Pr‘oductLog[f]] + — X Pr‘oductLog[f] - —X Pr‘oductLog[f] + — X Pr‘oductLog[f}
3 X 3 X 6 X 3 X
Result (type 8, 12leaves):

a
Jx3 ProductLog| —| dx

X

Problem 248: Unable to integrate problem.

sz ProductLog| i] dx
X

Optimal (type 4, 45leaves, 3 steps):

3 _ a 1 a, 1 a2
- = a’ ExpIntegralEi| -3 ProductLog| —] | + = x® ProductLog| —| - = x> ProductLog| — |

2 X 2 X 2 X
Result (type 8, 12leaves):

5 a
Jx ProductLog| —] dx

X

Problem 249: Unable to integrate problem.

a
Jx ProductLog| —] dx
X

Optimal (type 4, 24 leaves, 2 steps):
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a’ ExpIntegralEi|-2 Productlog| i] | +x? ProductLog| i}
X X

Result (type 8, 10leaves):
Jx Pr‘oductLog[i] dx

X

Problem 250: Unable to integrate problem.

a
JPr‘oductLog [=] ax
X

Optimal (type 4, 21 leaves, 3 steps):

-a ExpIntegralEi [— ProductlLog [ i] } + X ProductlLog [ i]
X X

Result (type 8, 8leaves):

JPr‘oductLog[i} dx

X

Problem 253: Unable to integrate problem.

JPr‘oductLog[i]
P ax
3

Optimal (type 4, 51 leaves, 5steps):
1 1 1 Pr‘oductLog[i]

+ — —

4x2  gy2 Pr‘oductLog[i}z 4 x? Pr‘oductLog[i] 2 x?

Result (type 8, 12leaves):
JPr‘oductLog[a]
- X dx
3

Problem 254: Unable to integrate problem.

ProductLog| ® |
J—x ax
X4

Optimal (type 4, 66 leaves, 6 steps):
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1 2 ) 2 ) 1 ) Pr‘oductLog[i}

9x> 813 Productlog[ 2]’ 27 Productlog[2]* 9x*Productlog|*] 3%

Result (type 8, 12leaves):
J\ProductLog[é]
X dx
X4

Problem 255: Unable to integrate problem.

ProductLog| ® |
J—x ax
X5

Optimal (type 4, 81 leaves, 7 steps):

1 3 3 3 1 Pr‘OdUCtLOg[i:I

+ - + - -

16x* 512 x*ProductLog[2]® 128 x*Productlog[2]® 64 x*Productlog|2]® 16 x*ProductlLog| i] 4xt
X X X

Result (type 8, 12leaves):
J‘Pr'oductLog[a]
- X dx
XS

Problem 256: Unable to integrate problem.

Jx“ Pr‘oductLog[i]2 dx
X

Optimal (type 4, 62 leaves, 4 steps):

2 a® ExpIntegralEi -5 Productlog]| i] |+ E x® ProductLog| i} 2 1 x® ProductLog | i] >, > x® ProductLog| 5]4
3 X 3 X 3 X 3 X

Result (type 8, 14 leaves):

Jx“ ProductLog| i] ? ax
X

Problem 257: Unable to integrate problem.

Jx3 Pr‘oduc‘cLog[i]2 dx
X
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Optimal (type 4, 43 leaves, 3 steps):
-4 a* ExpIntegralEi|-4 Productlog]| i} |+ 1 x* ProductLog | i] 2 x4 ProductlLog| i} ’
X 2 X X
Result (type 8, 14 leaves):
3 a-2
Jx Pr‘oductLog[f] dx
X

Problem 258: Unable to integrate problem.

sz Pr‘oduc‘cLog[i]2 dx
X

Optimal (type 4, 27 leaves, 2 steps):
a a-2
2 a® ExpIntegralEi | -3 ProductLog| —| | + x* ProductLog| —|
X X
Result (type 8, 14 leaves):
sz ProductLog| i] 2 dx
X

Problem 259: Unable to integrate problem.

a2
JxPr‘oductLog[—] dx
X

Optimal (type 4, 30leaves, 2 steps):
-a? ExpIntegralEi[-2 Productlog| i} |+ 1 x? ProductLog | E] g
X 2 X
Result (type 8, 12leaves):
a-2
Jx ProductlLog [ f] dx
X

Problem 260: Unable to integrate problem.

JPr‘oductLog[i} 2 dx
X

Optimal (type 4, 20leaves, 2 steps):
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a a2
2 x ProductLog| —] + x ProductLog| — |
X X

Result (type 8, 10leaves):

JPr‘oductLog[i} 2 dx
X

Problem 263: Unable to integrate problem.

ProductLog| ® | 2
J X dx
X3

Optimal (type 4, 66 leaves, 6 steps):

_ i B 3 . 3 . PPOdUCtLOg[i] i Pr‘oductLog[i]2

4x*  gx2productLog [2] > 4ax?ProductLog|?] 2x? 2 x?
X

a
X

Result (type 8, 14 leaves):
J\ProductLog[i]2
X dx
X3

Problem 264: Unable to integrate problem.

2
JPr‘oductLog[i]
dx
X4

Optimal (type 4, 81 leaves, 7 steps):

8 16 16 8 2 ProductLog| i] ProductLog | i} 2
B i B + + .

27> 2433 Productlog[ 2]’  81x* Productlog[2]* 27 x’Productlog|?] 9 x3 3%

Result (type 8, 14 leaves):

ProductLog| ® | 2
J\ *— dx
X4
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Problem 265: Unable to integrate problem.

ProductLog| ? ] 2
X
dx
X5

Optimal (type 4, 96 leaves, 8 steps):

Pr‘oductLog[i} Pr‘oductLog[i} 2

5 15 15 15 5
- - + - + + -
32x* 1024 x* ProductLog [ i] * 256 x* ProductLog [ i] > 128 x* ProductLog [ i} > 32x*Productlog| i] 8 x* 4 x4
Result (type 8, 14 leaves):
J‘Pr‘oductLog[a] 2
x dx
X5
Problem 266: Unable to integrate problem.
s a
Jx JPr‘oductLog[—} dx
X
Optimal (type 4, 94 leaves, 5 steps):
256 2 2 16 128
- =—a*/n Erf|2 \/Pr‘oductLog [ E] | +=x \/Pr‘oductLog [ 3] - — x*ProductLog | i} VL2 e ProductLog| i] 2220 e ProductLog| 3] e
105 X 7 X 35 X 105 X 105 X

Result (type 8, 16 leaves):
JXE’\/Pr'oductLog[i} dx
X

Problem 267: Unable to integrate problem.

sz\/Pr‘oductLog[i} dx
X

Optimal (type 4, 83 leaves, 4 steps):

RN Er‘F[\EX/Pr‘oductLog[i} ]+ 2 \/Pr‘oductLog[i}
5 X

5

Result (type 8, 16 leaves):

X

2 x? ProductLog| i]

3/2 4 a.5/2
+ — x3 ProductLog| — |
15 X 5 X
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a
JXZ \/Pr‘oductLog[—} dx
Problem 268: Unable to integrate problem.

a
Jx\/Pr‘oductLog[—] dx
X

Optimal (type 4, 66 leaves, 3 steps):

2 Va2 Erf[V2 \/Pr‘oductLog[i] ]+ 2, \/Pr‘oductLog[i] RV Pr‘oductLog[i]g’/2
3 X 3 X 3 X

Result (type 8, 14 leaves):
a

Jx\/Pr‘oductLog[] dx
X

Problem 269: Unable to integrate problem.

a
J\/Pr‘oductLog[—] dx
X

Optimal (type 4, 32leaves, 2 steps):
a\/;Er‘f[\/Pr‘oductLog[a] ]+2xJPr‘oductLog[a]

X X

Result (type 8, 12leaves):
a
j\/Pr‘oductLog[] dx
X

Problem 272: Unable to integrate problem.

J\JPr‘oductLog[i]

dx

x3

Optimal (type 4, 85leaves, 4 steps):
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3 1

3\/TEr'fi[\E\/Pr‘oductLog[i] ]

64 a? 32 x2 ProductLog [ 2]%?
g[x} SXZJPr'oductLog[i}

JProductLog[i}

2 x?

Result (type 8, 16 leaves):

J\/Pr‘oductLog[z]

x3

dx

Problem 273: Unable to integrate problem.

J\/ ProductLog [ i]

dx
X4

Optimal (type 4, 102 leaves, 5steps):

5 5 1

S\E Er‘fi[\/?\/Pr‘oductLog[i} ] \/Pr‘oductLog[i]

+ - + -

5/2 a13/2
108 x> ProductLog | 2
el 18 x? JPr‘oductLog[i]

432.a° 216 x* ProductLog| * | 33

Result (type 8, 16 leaves):

J\/Pr‘oductLog[z]

dx
X4

Problem 274: Unable to integrate problem.

Q X

ProductLog| i]

Optimal (type 4, 111 leaves, 6 steps):
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4
_ 2048 a*~/r Erf|2 \/ProductLog[Eﬂ ]+ 2x +
945 X
9\/ProductLog[i]
2, a 16 a 3/2 128 a5z 1024 7/2
g;-x ProductLog[-—] - —X ProductLog[ ] — X ProductLog[ ] — X ProductLog[ ]
X 315 X 945 X 945 X

Result (type 8, 16leaves):

JJ ax

ProductLog| ]

Problem 275: Unable to integrate problem.

JJ ax

ProductLog| ]

Optimal (type 4, 100 leaves, 5steps):

3
Eﬂ'a3\/37r Erf[/3 ProductLog[E} ]+ 2x +2x3\/ProductLog[a} «-!£7x3ProductLog[EJ3/2+ Eﬂ'x3Pr‘oduc‘u:Log[i}5/2
X

35 35 X 35 X 35 X
7 ProductLog[i]

Result (type 8, 16leaves):

JJ ax

ProductLog ]

Problem 276: Unable to integrate problem.

JJ ax

ProductLog| ]

Optimal (type 4, 83 leaves, 4 steps):
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2
2 Va2 Erf[V2 Pr\oductLog[i} |+ 2x + ixz\/Pr‘oductLog[i] S8 e Pr‘oductLog[if/2
15 X 15 X 15 X
5 \/Pr‘oductLog[i}

Result (type 8, 14 leaves):

J] —

Pr‘oductLog[;]
Problem 277: Unable to integrate problem.

J] —

ProductLog| ;]

Optimal (type 4, 52 leaves, 4 steps):

2 an Er*-F[\/Pr‘oductLog[a] ]+ 2X + 2 X JPr‘oductLog[a]
3 X 3 X
3 JPr‘oductLog[i]

Result (type 8, 12leaves):

JJ SR

Pr‘oductLog[i]

Problem 280: Unable to integrate problem.

J] ax

ProductLog

Optimal (type 4, 68 leaves, 3 steps):
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T Erfi[+/2 |ProductLog|?
Vf;_ rfi| \/ roduc og[x] ] . .

ZXZ\/ProductLog[i]

16 a? 8x2Pr‘oductLog[i}3/2

Result (type 8, 16 leaves):

JJ ax

ProductLog

Problem 281: Unable to integrate problem.

JJ ax

ProductLog

Optimal (type 4, 85leaves, 4 steps):

\/7?’Erfi[\/3\/ProductLOg[a] ]
— ’ : 1 1 1

N _ _
3x3\/ProductLog[i]

72a° 36x3Pr‘oductLog[i}5/2 18x3Pr'oductLog[§]3/2

Result (type 8, 16 leaves):

JJ ax

ProductLog

Problem 282: Unable to integrate problem.

J*

Optimal (type 4, 122leaves, 4 steps):

a,\p
c Productlog| || dx

X
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33-p e“mducmgm x* Gamma[-3 + p, 3 ProductLog|?|] ProductLog| 5]47" (c ProductLog| ® | )p
X X X

+
a

2 1
32-p (64 Pr‘oductLog{x} +P

x* Gamma[ -2 + p, 3 ProductlLog| i] | ProductLog| i} P (c ProductLog| i] )

ac

Result (type 8, 16 leaves):
)

Problem 283: Unable to integrate problem.

a
c ProductLog| —|
X

p
dx

a,\p
Jx (c Pr‘oductLog[—}) dx
X

Optimal (type 4, 122 leaves, 4 steps):

22p g3 Productiog [ F] 13 oo [-2+p, 2ProductLog| ]| ProductLog|?] P (c ProductLog| ? ] )p
X X X

+
a

21-p g3Productlog[F] i3 conno [-1+p, 2ProductLog]| i] | ProductLog| i} 2P (c ProductLog| i] )hp

ac

Result (type 8, 14 leaves):
J x
Problem 286: Unable to integrate problem.

J (c Pr‘oductLog[i} )p

a,\p
cPr‘oductLog[f}) dx
X

dx

x3

Optimal (type 4, 128 leaves, 4 steps):
2-2-p o Productiog[F] oo [2+p, -2ProductLog| i] ] (—Pr‘oductLog [ i] ) e (c ProductLog| i} )p

axX

2-3-p o Productiog|F| c oo [3+p, -2ProductLog] 3] ] (—Pr‘oductLog [ 3] ) P (c ProductLog| i} )hp

acx

Result (type 8, 16 leaves):
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dx

J (c Pr‘oductLog[i} )p

X3

Problem 287: Unable to integrate problem.

a ;s
JPr‘oductLog [—] ax
x1/4

Optimal (type 4, 28 leaves, 2 steps):

5 a 4 a ;s
= x ProductLog[ ——| + x ProductLog| —|
4 y1/4 1/

Result (type 8, 12leaves):

a
JPr'oductLog[

- Sd]
X1/4] X

Problem 288: Unable to integrate problem.

a .4
JPr'oductLog [——] ax
173

Optimal (type 4, 28 leaves, 2 steps):

4 a ;3 a .4
— x ProductLog|[ ——]  +x ProductlLog| ——|
3 X1/3 X1/3

Result (type 8, 12leaves):
a 4
JPr‘oductLog [ 1—/] dx

x1/3

Problem 289: Unable to integrate problem.

a 3
JPr‘oductLog [ 7} dx
X

Optimal (type 4, 28 leaves, 2 steps):

3 a ;2 a 3
= x ProductLog| ——]" + x ProductlLog| ——|

2 VX X
Result (type 8, 12leaves):
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a ;3
JPr‘oductLog [ 7} dx
X

Problem 290: Unable to integrate problem.

a2
JPr‘oductLog[f} dx
X

Optimal (type 4, 20leaves, 2 steps):
a a2
2 x ProductLog| —] + x ProductLog| — |
X X
Result (type 8, 10leaves):
a-2
JPr‘oductLog (=] ax

X

Problem 294: Unable to integrate problem.

a .4
JPr‘oductLog [——] ax
/5

Optimal (type 4, 30leaves, 2 steps):

20 a° ExpIntegralEi[-5 Productlog| i] | +5xProductLog| L]Zl
X1/5 X1/5

Result (type 8, 12leaves):
a 4
JPr‘oductLog [ ?] dx

x1/

Problem 295: Unable to integrate problem.

a .3
JPr‘oductLog [—] ax
X174

Optimal (type 4, 30leaves, 2 steps):

12 a* ExpIntegralki[-4 ProductLo [iH +4 x ProductLo [i]g
p g g X1/4 g X1/4

Result (type 8, 12leaves):

a .3
jProductLog [——] ax
X1/4
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Problem 296: Unable to integrate problem.

a ;2
JPr‘oductLog [ 7] dx
x1/3

Optimal (type 4, 30leaves, 2 steps):

. a a
6 a® ExpIntegralEi|-3 Productlog| ——|] + 3 x Productlog| ——|
X1/3 X1/3

Result (type 8, 12leaves):
ProductL e Zd]
J roduc Og[xua] X

Problem 297: Unable to integrate problem.

JPr‘oduct Log [ i} dx
Vx

Optimal (type 4, 28 leaves, 2 steps):

. a a
2 a? ExpIntegralEi[-2 Productlog| ——] ] + 2 x ProductLog| —]
X X

Result (type 8, 10leaves):

a
JProduct Log[ ——| dx
X

Problem 302: Unable to integrate problem.

JPr‘oductLog [ax"] = dx

Optimal (type 4, 39leaves, 2 steps):

", x ProductLog [ax"]

(1-n) xProductLog[ax"|"

Result (type 8, 16 leaves):

JPr‘oductLog [ax"] = dx
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Problem 303: Unable to integrate problem.

1
JProductLog [a XE} P ax

Optimal (type 4, 44 leaves, 2 steps):

2 o-1s
p x ProductLog|a xu» | P 1,
- + X ProductLog|a xiv |

1-p
Result (type 8, 16 leaves):

1

JPr‘oductLog [a XH} P ax

Problem 304: Unable to integrate problem.

fol—n (C ProductlLog [a Xn} )9/2 dx

Optimal (type 4, 139leaves, 5 steps):

9/2 c ProductLog[a x"]
135ac®2+/n Erf] Nes ] 13503 % (c ProductLogax"])>'?

16 n 8n

45c2x " (cProductlog[ax"])>? 9cx™ (cProductlog[ax"])’? x™ (cProductloglax"])®?

4n 2n n
Result (type 8, 22 leaves):

folfn (c ProductLog|ax"| >9/2 dx

Problem 305: Unable to integrate problem.

jxflfn (c ProductLog [a Xn} >7/2 dx

Optimal (type 4, 112leaves, 4 steps):

21ac’’2/n Erf| cpmdu:/tiog[am ]
C

21¢2x ™ (cProductlog[ax"])®? 7cx™ (cProductlog[ax"])®’?

X" (cProductLog[ax"])

7/2

8n 4n 2n

Result (type 8, 22leaves):

n
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Jx'l_n (c ProductLog|a x"| >7/2 ax

Problem 306: Unable to integrate problem.

fol—n (C ProductlLog [a Xn} ) 7% dx

Optimal (type 4, 85leaves, 3 steps):

52 c ProductLog [a X”]
5ac2+/n Erf| N | sexr (c ProductLog(ax"]

3/2 5/2

X" (cProductLog[ax"])

4n 2n n
Result (type 8, 22 leaves):

folfn (C ProductlLog [a Xn} ) 7% dx

Problem 307: Unable to integrate problem.

folfn (c ProductLog[ax"] >3/2 ax

Optimal (type 4, 60 leaves, 2 steps):

3ac3/2\/?Er‘f[ Cpmdujiog[axn] ]
c

2n n

x " (cProductLog[ax"])>?

Result (type 8, 22 leaves):

folfn (c ProductLog|ax"| >3/2 ax

Problem 308: Unable to integrate problem.

jx’l’” \/c ProductLog[ax"]| dx

Optimal (type 4, 58 leaves, 2 steps):
a\/?\/?Er‘f[ cPr‘oductLog[ax"} }

Nes 2x"+/cProductLog[a x"]

n n

Result (type 8, 22leaves):
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Jx‘l‘” \/c ProductLog[ax"]| dx

Problem 309: Unable to integrate problem.

X—l—n
J dx
Ve ProductLoga x"]
Optimal (type 4, 89leaves, 3 steps):

2a+/ Erf| CP"°d”;E°€[aX"} ]
C

3+/c n 3n+/cProductlog[ax"] 3cn

2x™" 2x"~/cProductLog[a x"]

Result (type 8, 22leaves):

X—l—n
j dx
v/c ProductLog[a x"]

Problem 310: Unable to integrate problem.

X—l—n
J dx
(c ProductLogfax"])>’?

Optimal (type 4, 116 leaves, 4 steps):

\/cProductlog[ax"]
4a~/n Erf| Vo ] 2x™" 2x" 4 x "/ c ProductLog[a x"]
- - +

5c¢*2n 5n (cProductlog[ax"])*? 5cn+/cProductloglax"] 5¢2n

Result (type 8, 22leaves):

X—l—n
J dx
(c ProductLogfax"])?'?

Problem 311: Unable to integrate problem.

X—l—n
J dx
(c ProductLogax"])®’?

Optimal (type 4, 143 leaves, 5steps):
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83\/?EP-F[ c ProductLogax"| ]

NrS 2x™"
21c®2n 7n (cProductlog(ax"])®'?
2x™" 4x" 8 x "/ c ProductLog[a x"]
N _
7cn (cProductlog[ax"])*?* 21 c2n~/cProductlog[ax"] 21c3n

Result (type 8, 22leaves):

X—l—n
J dx
(c ProductLogfax"])®?

Problem 312: Unable to integrate problem.

Jx’l’z” (c ProductLog|a x"| )11/2 dx

Optimal (type 4, 152 leaves, 5steps):

5/2

V2 -/ cProductLog|ax"]
2 ~11/2 T
165 a2 ¢ [7 Erf| ]

c 165 ¢ x 2" (c Productlog[ax"])

256n 128 n

55c2x 2" (cProductloglax"])’/? 11cx2" (cProductlog[ax"])®? x2" (cProductlog[ax"])*/?

32n 8n 2n
Result (type 8, 22leaves):

Jx’l’“ (c ProductLog|a x"| )11/2 dx

Problem 313: Unable to integrate problem.

foyzn (C ProductlLog [a Xn] )9/2 dx

Optimal (type 4, 125leaves, 4 steps):
27aZC9/2\EEPf[ﬁW]

NS 27 c2x72" (c Productlog[ax"])®? 9cx2" (cProductlog[ax"])’’? x2" (cProductloglax"])®?

64 n 32n 8n 2n
Result (type 8, 22leaves):

JX,LZn (C ProductlLog [a Xn] )9/2 dx
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Problem 314: Unable to integrate problem.
Jx‘l‘zn (c ProductLog|ax"]) 7% gx

Optimal (type 4, 98 leaves, 3 steps):
i 2 +JcProductlog[ax"]
7a2c7/2\/TEr'F[ = ]

7 cx 2" (cProductlog[ax"] )5/2 x 2" (c Productlog[ax"] )7/2

16n 8n 2n
Result (type 8, 22leaves):

JX_1-2n (c ProductlLog [a Xn] )7/2 dx

Problem 315: Unable to integrate problem.
Jx’l’zn (c ProductLog|a x"| )5/2 dx

Optimal (type 4, 73 leaves, 2 steps):
= \/2 +/ cProductLog|a x"
5a%c*? \/? Erf| NG = ] xen (c ProductLoglax"

J>5/2

4n 2n
Result (type 8, 22leaves):

foyzn (C ProductLog [a Xn] ) 7% dx

Problem 316: Unable to integrate problem.

folfzn (C ProductlLog [a Xn] ) % dx

Optimal (type 4, 69 leaves, 2 steps):
T V2 -/ cProductLog|ax"]
73a2c3/2x/jEr‘f[ S ]

2x72" (cProductlog(ax"])>"?

n n
Result (type 8, 22 leaves):

foyzn (C ProductLog [a Xn] ) ¥ dx
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Problem 317: Unable to integrate problem.

Jx‘l‘zn \/c ProductLog[ax"]| dx

Optimal (type 4, 98 leaves, 3 steps):

[cproductiog ax']
22/ 2 Erf[ et
C

]>3/2

2x2"+/cProductlog[ax"] 2x2" (cProductLog[a X"
- +

3n 3n 3cn

Result (type 8, 22leaves):

Jx‘l‘zn \/c ProductLog[ax"]| dx

Problem 318: Unable to integrate problem.

X—1—2n
J dx
\/c ProductLog[a x"]
Optimal (type 4, 125leaves, 4 steps):
V2 1/ cProductLog[ax"]
227 Erf
8a n Erf| e ]

2 x°2n 2x2"+/cProductlog[ax"] 8x2" (cProductlog[ax"])??

- - +

15+/c n 5n+/cProductLog[a x"] 15cn 15¢%n

Result (type 8, 22leaves):

X—1—2n
J dx
v/c ProductLog[a x"]

Problem 319: Unable to integrate problem.

X—1—2n
J dx
(c ProductLogfax"])?'?

Optimal (type 4, 152 leaves, 5steps):
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Nz
322227 Erf[ 2 CP“?U%[HX] l
C

2x72n
_ 35¢*2n 7n (c Productlog(ax"])®'? .
6x2" 8x2"+/cProductlog[ax"]  32x2" (cProductloglax"])>"?
35cn+/cProductLog[ax"] ' 35¢2n ) 35c3n

Result (type 8, 22leaves):

J X—1—2n dlx

(c ProductLogax"])?’?

Problem 328: Unable to integrate problem.
Jx’l*zn (c ProductLog|a x"| )3/2 dx

Optimal (type 4, 152 leaves, 5steps):
T . 1 V2 +/cProductLog|ax"
45 c3/2\/?Er‘-F1[ glax'] ]

N 45 ¢3 x2n
256a%*n 128n (c ProductLog[ax"])*/?
15 c2 x2" 3cx2"/cProductLog[ax"] X x2" (cProductlog(ax"])>'?
32 n+/cProductLogfa x"] 8n 2n

Result (type 8, 22leaves):

fohzn (c ProductLog[ax"])*? dx

Problem 329: Unable to integrate problem.

Jx’l*zn \/c ProductLog[ax"| dx

Optimal (type 4, 125leaves, 4 steps):

33T [T erpi [Yolciotcalad]

3c2X2n Cin

x2" +/c ProductLog[a x"]

+ —

64 a%n 32n (cProductlog(a x"] >3/2 8n+/cProductLog[a x"]

Result (type 8, 22leaves):

+

2n
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Jx‘hzn \/c ProductLog[ax"]| dx

Problem 330: Unable to integrate problem.

X71+2n
J dx
Ve ProductLoga x"]
Optimal (type 4, 98 leaves, 3 steps):

7 . V2 4/ cProductlog[ax"]
7 /2 EP‘Fl[ o ] ) € x2n . X2 N

16a2+/c n 8n (c Pr‘oductLog[ax“])3/2 2n+/cProductLog[a x"]

Result (type 8, 22leaves):

X71+2n
J dx
+/c ProductLog[a x"]

Problem 331: Unable to integrate problem.

X71+2n
j dx
(c ProductLogfax"])??

Optimal (type 4, 73 leaves, 2 steps):

. 1 V2 +[cProductLog[ax"]

3.[5 Erfi] T ]
+
432c3/2n 2n (c Productlog[a x"] )3/2

X2n

Result (type 8, 22leaves):

X—1+2n
J dx
(c ProductLogfax"])??

Problem 332: Unable to integrate problem.

X—1+2n
J dx
(c ProductLogfax"])®?

Optimal (type 4, 69 leaves, 2 steps):
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T V24 d "
5\/?EI"'F1{ 2 cPr‘o\;tLog[ax]]

a2c¢5/2n n (cProductLoglax"] >5/2

2X2n

Result (type 8, 22 leaves):

X71+2n
J dx
(cProductLogfax"] )5/2

Problem 333: Unable to integrate problem.

X71+2n
J dx
(cProductLogfax"] )7/2

Optimal (type 4, 98 leaves, 3 steps):
. 1 /2 +/cProductLog|ax"]
14+/2 1 Erfi| = ]

2 x2n 14 x2n

3a2c’?n 3n (cProductlog[ax"])’? 3cn (cProductlog[ax"])®?

Result (type 8, 22leaves):

X71+2n
J dx
(c ProductLog[ax"])’’?

Problem 334: Unable to integrate problem.

X71+2n
J dx
(c ProductLogfax"])®’?

Optimal (type 4, 125leaves, 4 steps):
. 1 /2 -/ cProductLog|ax"]
24~/2 7 Erfi| = ]

2 x2n 6 x2" 24 x2n

5a2c%2n 5n (cProductlog[ax"])®? 5cn (cProductlogfax"])’’? 5c2n (cProductlog(ax"])®?

Result (type 8, 22leaves):

X71+2n
J dx
(c ProductLog(ax"])®’?
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Problem 335: Unable to integrate problem.

X71+2n
J dx
(c ProductLoglax"])**/?

Optimal (type 4, 152 leaves, 5steps):
. [ V2 -/ cProductLog|ax"]
.F
35227 Erfi] : ]

2 XZn
105 a2 cl/2n 7n (cProductlog(ax"] )
22 x2" 88 x2 N 352 x2"

°/2 1052 n (cProductloglax"])’’?

5/2

35cn (cProductloglax"]) 105 ¢ n (c Productlog[a x"] )

Result (type 8, 22 leaves):

-1+2n

X
J dx
(c ProductLogfax"] )/

Problem 336: Unable to integrate problem.

Jx’l’“ ProductLog|a x"| *ax

Optimal (type 4, 41leaves, 2 steps):

4 x3"ProductLog[ax"]® x 3" ProductLog[ax"]*

9n 3n

Result (type 8, 18leaves):

Jx*l*“ ProductLog|a x"| *ax

Problem 337: Unable to integrate problem.

Jx’l’zn ProductLog|a x"| ® dx

Optimal (type 4, 41 leaves, 2 steps):

3x2"ProductLog[ax"]? x2"ProductLog[ax"]?3

4n 2n

Result (type 8, 18 leaves):
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Jx‘l‘zn ProductLog|a x"| ® dx

Problem 338: Unable to integrate problem.

Jx’l’” ProductLog|a x"| % dx

Optimal (type 4, 35leaves, 2 steps):

2x " ProductLog[ax"] x"ProductLog[ax"]?

n n

Result (type 8, 18leaves):

Jx*l’” ProductLog|a x"| > dx

Problem 339: Unable to integrate problem.

X71+2n
J dx
ProductlLog[a x"]

Optimal (type 4, 41leaves, 2 steps):
X2n X2n
+
4 nProductLog[ax"]? 2nProductLogax"]

Result (type 8, 18leaves):

X71+2n
J dx
ProductlLog[a x"]

Problem 340: Unable to integrate problem.

X71+3 n
J dx
ProductLog[a x"]2

Optimal (type 4, 41leaves, 2 steps):

2X3" X3n
+

9nProductLog[ax"]®> 3nProductLog[ax"]?

Result (type 8, 18 leaves):
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X71+3n
J dx
ProductLog[a x"]2

Problem 341: Unable to integrate problem.

X71+4n
J dx
ProductLog[a x"]3

Optimal (type 4, 41leaves, 2 steps):

3X4n X4n
+

16 n ProductLog[ax"]* 4nProductLog[ax"]?

Result (type 8, 18leaves):

X71+4n
J dx
ProductLog[a x"]3
Problem 344: Unable to integrate problem.
Jx’l*” (4P} (c ProductLog[ax"])” dx

Optimal (type 4, 66 leaves, 2 steps):
cpx" (P (cProductlog[ax"]) e yn (1-p) (c ProductLog[ax"])”

n(l—p)2 i n(l—p)

Result (type 8, 24 leaves):

fom (1) (¢ ProductLog[a x"] )" dx

Problem 345: Unable to integrate problem.

Jx-lm (2-p) (c ProductLog [a Xn] )p dx

Optimal (type 4, 102 leaves, 3 steps):

-2+p

c2px" (2P (cProductlog[ax"]) cpx" (2P (cProductlLoglax"] )’1”’ x" (2P} (c Productlog[a x"] )"

n<2—p)3 n(Z—p)2 ' n(2-p)

Result (type 8, 24 leaves):
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Jx-lm (2-p) (c ProductLog [a Xn] )p dx

Problem 346: Unable to integrate problem.

folm (3-p) (c ProductlLog [a Xn] )p dx

Optimal (type 4, 140leaves, 4 steps):

2c3px" 3P (cProductlog[ax"]) P 2c2px" 3P (cProductlog[ax"]) *P
_ N _

n(3-p)* n(3-p)°
cpx" 3P (cProductlog[ax"]) e yn (3-p) (c ProductLog[ax"])?
+
n(3-p)? n(3-p)

Result (type 8, 24 leaves):

folm (3-p) (c ProductlLog [a Xn] )p dx

Problem 361: Unable to integrate problem.

J ! dx
x3 (1+ProductLog|ax?])
Optimal (type 4, 22leaves, 3 steps):

1 1
- —— - ~aExpIntegralEi|-Productlog|ax?]|
2x2 2

Result (type 8, 16 leaves):

J = dx
x3 (1 +Productlog|ax?])

Problem 363: Unable to integrate problem.

X3
dx
1+ Pr‘oductLog{i]

Optimal (type 4, 67 leaves, 6 steps):
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x* 32 . a 1 a 2 a,2 8 a,s
= -~ a* ExpIntegralki[-4 ProductLog|—|] - = x* ProductlLog| —| + = x* ProductLog| —|" - = x* ProductLog| — |
4 3 X 3 X 3 X 3 X

Result (type 8, 16 leaves):

3
dx
1+ Pr‘oductLog[%]

Problem 364: Unable to integrate problem.

2
dx
1 + ProductlLog [ 5]
X

Optimal (type 4, 52 leaves, 5 steps):

x> 9 . a 1 a 3 a2
— + — a® ExpIntegralEi| -3 Productlog| —|| - = x* ProductLog| —| + = x® ProductLog| —|
3 2 X 2 X 2 X

Result (type 8, 16 leaves):

X2
dx
1+ Pr‘oductLog[i]

Problem 365: Unable to integrate problem.

X dx
1+ Pr‘oductLog[i]

Optimal (type 4, 33 leaves, 4 steps):

X2 . a a
~— - 2a”ExpIntegralEi|-2Productlog|—] ]| - x* ProductLog| — |
2 X X

Result (type 8, 14 leaves):

X dx
1+ Pr‘oductLog[i]
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Problem 366: Unable to integrate problem.

! dx
1+ Pr‘oductLog[i]

Optimal (type 4, 13 leaves, 3 steps):

) a
x + a ExpIntegralEi[-ProductlLog| ;] ]

Result (type 8, 12leaves):

! dx
1+ ProductlLog [ i]

Problem 369: Unable to integrate problem.

1 dx
x3 (1 + ProductlLog [ i] )

Optimal (type 4, 31leaves, 3 steps):
1 1

4 x? ProductLog| 2| ? 2x*Productlog|?]

Result (type 8, 16 leaves):

! dx
x3 (1 + ProductLog | i] )

Problem 370: Unable to integrate problem.

1 dx
x4 (1 + ProductLog | i] )

Optimal (type 4, 46 leaves, 4 steps):
2 2 1

— + —

27 x3 ProductLog | i} > 9x3ProductlLog [ 3] > 3x?ProductLog| i}

Result (type 8, 16 leaves):
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1
dx
x4 (

1+ ProductLog| i] )

Problem 371: Unable to integrate problem.

XS
dx
1+ Pr‘oductLog[f—z]

Optimal (type 4, 52 leaves, 6 steps):
X6

3 X a 1 a 3 a2
~— + = a® ExpIntegralEi|-3Productlog| — ]| - = x® ProductlLog| —| + = x® ProductLog| — |
6 4 X2 4 X2 4

x2

Result (type 8, 16 leaves):
XS
dx
1 + ProductlLog [ X%]

Problem 372: Unable to integrate problem.

3
dx
J\l + ProductLog| :’7]

Optimal (type 4, 35leaves, 5steps):

xr . a 1, a
~— - a? ExpIntegralEi[-2Productlog| —]] - = x* ProductlLog| — |
4 x2 2 x2

Result (type 8, 16 leaves):
X3
dx
1+ ProductLog| Xa—z]

Problem 373: Unable to integrate problem.

X
dx
1+ ProductlLog [ X%]

Optimal (type 4, 22 leaves, 4 steps):
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x2 1 . a
— + — a ExpIntegralEi [—Pr‘oductLog [ 7] }
2 2 x?

Result (type 8, 14 leaves):

X dx
Jl + ProductLog | ;—2]
Problem 382: Unable to integrate problem.
J Pr‘oduc‘cLog{ﬁ}5
X dx

1+ ProductLog| f‘/a ]
X

Optimal (type 4, 12leaves, 1 step):

ProductLog| ——]°
X Produc og{xlu}

Result (type 8, 25leaves):

ProductLog| f‘/d}s
X dx
1+ ProductLog| -]

x1/4

Problem 383: Unable to integrate problem.
J Pr‘oduc‘cLog[ﬁ}4
x dx

1+ ProductLog| -]

x1/3

Optimal (type 4, 12leaves, 1step):

a .3
X Pr'oductLog[l—/B}
X

Result (type 8, 25leaves):

ProductLog| %/3} 4
X dx

1+ ProductLog| %/3}
X




Problem 384: Unable to integrate problem.

a

J ProductLog[r ]3

1+ ProductLog|

; dx
=1
Optimal (type 4, 12leaves, 1 step):

a 2
x ProductLog | —]|

X

Result (type 8, 25leaves):

Pr‘oduc‘cLog[i]3
J ﬁa dx
1+ Pr‘oductLog[E]

Problem 385: Unable to integrate problem.

Pr‘oduc‘cLog[ﬂ2
* dx
1+ ProductLog| i]
Optimal (type 4, 8leaves, 1step):
a

x ProductLog| — |
X

Result (type 8, 21 leaves):

Pr‘oduc‘tLog[i} 2
= dx
1+ Pr‘oductLog{i]

Problem 389: Unable to integrate problem.

Pr‘oduc‘cLog[%/J4
= dx

1+ Pr‘oductLog[%/J
X

Optimal (type 4, 16leaves, 1 step):

a
-4 a* ExpIntegralEi[-4 Productlog| —] |
X1/4
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Result (type 8, 25leaves):
ProductLog| 3/4}4
X dx
1+ Pr‘oductLog[%/J
Problem 390: Unable to integrate problem.
Pr‘oductLog[ﬁ}3
J X dx

1+ ProductLog| -]

x1/3

Optimal (type 4, 16 leaves, 1step):

a
-3 a® ExpIntegralEi[ -3 Productlog| ?] ]
X

Result (type 8, 25leaves):

ProductLog| %/3} }
X dx

1+ ProductLog| %/3}
x1/

Problem 391: Unable to integrate problem.
J Pr‘oduc‘cLog[j’?]2

1+ ProductLog|

; dx
=1
Optimal (type 4, 16leaves, 1 step):

a
-2 a’ ExpIntegralEi[-2Productlog| —] |
X

Result (type 8, 25leaves):

Pr‘oductLog[i]2
J ﬁa dx
1+ Pr‘oductLog{E]




Problem 392: Unable to integrate problem.

ProductLog| ]
x dx
1 + ProductlLog [ i]
Optimal (type 4, 12leaves, 1 step):

a
-a ExpIntegralEi|-Productlog| —| |
X

Result (type 8, 19leaves):

ProductLog| ]
x dx
1 + ProductlLog [ 5]
X

Problem 397: Unable to integrate problem.

1

ProductLog[a x"] a

dx
1+ ProductLogfa x"]

Optimal (type 4, 14 leaves, 1step):

x ProductLog|a x"]| i

Result (type 8, 27 leaves):

1
JProductLog[a x"] a
dx

1+ ProductLogla x"]

Problem 398: Unable to integrate problem.

1

J‘Pr‘oductLog[axw]p 5
X

1

1+ ProductLog|a xiv |

Optimal (type 4, 18leaves, 1step):

1o -14p
x ProductLog|a xis |

Result (type 8, 33 leaves):
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1

ProductlLog [a XE] P

dx

1

1+ ProductLog[a x|



8 Special functions.nb | 199

Summary of Integration Test Results

1949 integration problems

4

A - 1541 optimal antiderivatives

B - 71 more than twice size of optimal antiderivatives
C - 21 unnecessarily complex antiderivatives
D - 316 unable to integrate problems

E - 0 integration timeouts



